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ABSTRACT
TRIPLE TRIGONOMETRIC SERIES AND THEIR 
APPLICATION TO MIXED BOUNDARY VALUE PROBLEMS
Gordon M elrose  
Old Dominion U n iv e r s ity ,  1984 
D ir e c to r :  Dr. John Tweed
In t h i s  d i s s e r t a t io n  th e  author in v e s t ig a t e s  some t r ip l e  tr ig o n o m e tr ic  
s e r ie s  w hich occur in  th e  s o lu t io n  o f  mixed boundary v a lu e  problem s in  
e l a s t i c i t y  and p o t e n t ia l  th e o r y . By ch o o s in g  a s u i t a b le  in t e g r a l  r e p r e se n ­
t a t io n  fo r  th e  seq u en ce o f  unknown c o n s ta n ts ,  th e  problem  i s  reduced to  
s o lv in g  a s in g u la r  in t e g r a l  eq u a tio n  o f  th e  f i r s t  k in d . Twenty fo u r  c a s e s  
in  w hich th e  in t e g r a l  eq u a tio n  can be so lv e d  in  c lo s e d  form are d is c u s s e d  
in  d e t a i l .
In l a t e r  c h a p te r s , th e  a p p l ic a t io n  o f  t r i p l e  tr ig o n o m e tr ic  s e r i e s  to  
problem s in  p h y s ic s  and e n g in e e r in g  i s  dem onstrated  and c lo s e d  form s o lu t io n s  
fo r  th e  p h y s ic a l  param eters o f  in t e r e s t  are o b ta in e d .
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1 . INTRODUCTION
The purpose of t h i s  d is s e r t a t io n  i s  to  o b ta in  c lo se d  form s o lu ­
t io n s  o f  t r i p l e  tr ig o n o m e tr ic  s e r i e s ,  (h en ce fo r th  sim p ly  c a l le d  t r i p l e  
s e r i e s )  and d em onstrate t h e i r  a p p l i c a b i l i t y .
The developm ent o f  t r i p l e  s e r i e s  cannot be i s o la t e d  from th a t  o f  
d u a l and t r i p l e  in t e g r a l  e q u a tio n s  or d u a l s e r i e s .  Sneddon [1 ]  d e t a i l s  
much o f  t h i s  work and c o n ta in s  many r e fe r e n c e s  on t h i s  p a r t ic u la r  area.
T r ip le  s e r ie s  o f Legendre or J a co b i p o lyn om ia ls have been in v e s t i ­
g a ted  by C o ll in s  [ 2 ] ,  Lowndes [33  and S r iv a s ta v a  [4 3 . S o lu t io n s  were 
o b ta in ed  by redu cin g  th e  problem  to  th a t  o f a Fredholm in t e g r a l  equa­
t io n  o f  th e  second k ind  and s o lv in g  n u m e r ic a lly . The s o lu t io n s  to  two 
t r i p l e  s e r i e s  problem s were o b ta in ed  by T ranter [ 5 ] .  U sing p r o p e r t ie s  
o f B e s s e l  fu n c t io n s  he o b ta in ed  e q u iv a le n t  t r i p l e  in t e g r a l  e q u a t io n s ' ,  
whose s o lu t io n s  were known. These s e r i e s  were a ls o  s o lv e d  by P arih ar  
[6 ]  u s in g  a more d ir e c t  approach , w hich  had been used by S r iv a s ta v a  
and Lowengrub [73 to  o b ta in  s o lu t io n s  to  t r i p l e  in t e g r a l  e q u a tio n s .
I t  i s  t h i s  l a s t  tech n iq u e  whereby th e  problem i s  reduced  to  th a t  
of s o lv in g  a s in g u la r  in t e g r a l  eq u a tio n  th a t  i s  expanded on h e r e . The 
s o lu t io n  of such eq u a tio n s  i s  due to  a theorem by T ricom i [8 3 . In  
Chapter 1 , §2 th e  p e r t in e n t  form s o f th e  theorem  fo r  th e  s in g u la r  in t e ­
g r a l  e q u a tio n s  th a t  a r is e  a r e  s ta te d  in  th e  form o f  Lemma's and C orol­
l a r i e s .  In ch a p ters  2 and 3 tw enty  fo u r  t r i p l e  s e r ie s  a re  ca ta lo g e d  
and s o lv e d . P h y s ic a l ly  th e s e  s e r i e s  may be thought to  a r i s e  from  
problem s w hich a re  in  n a tu re  e i t h e r  s in g ly  or doubly p e r io d ic .  The 
form er c o n ta in  th e  s e r ie s  s tu d ie d  by P a r ih a r  and n a tu r a l ly  t h e ir  s o lu ­
t io n  in v o lv e s  tr ig o n o m e tr ic  fu n c t io n s .  The l a t t e r  i s  th e  main c o n t r i ­
b u tio n  o f  th e  author and, by t h e ir  c h a r a c te r , th e  s o lu t io n  of such
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w i l l  in v o lv e  e l l i p t i c  fu n c t io n s  and in t e g r a l s .  The read er w i l l  f in d  
a l l  th e  n e c e s sa r y  m a te r ia l  o n . e l l i p t i c  fu n c t io n s  covered  by Bowman [ 9 ] .  
Throughout t h i s  t e x t ,  how ever, th e  n o ta t io n  and te rm in o lo g y  o f  Woods 
[1 0 ]  w i l l  be adopted .
C hapters 4 , 5 and 6 are  d ev o ted  t o  th e  a p p lic a t io n  o f t r i p l e  s e r ie s  
to  problem s in  en g in e e r in g  and p h y s ic s .  E xcept fo r  th e  f i r s t  problem  
in  ch a p ter  6 , none o f th e  problem s have been  p r e v io u s ly  s o lv e d . R ather, 
a v a r ie t y  o f n u m erica l p roced u res have been used  to  g iv e  ap p roxim ation s  
to  th e  p h y s ic a l  param eters o f i n t e r e s t .  The t r i p l e  s e r ie s  tech n iq u e  
a llo w s  u s  to  o b ta in  ex a c t s o lu t io n s  in  term s o f  quad ratures o f  e l l i p t i c  
fu n c t io n s .  I t  i s  th e  in t e n t io n  o f  th e  author to  p u b lish  th e s e  a p p l i ­
c a t io n s  in  th e  open l i t e r a t u r e  and n u m erica l ta b u la t io n  o f th e  s o lu t io n s  
w i l l  be g iv e n . However, u n t i l  such tim e no com parison w ith  p rev io u s  
work can be drawn, and no r e fe r e n c e  i s  made to  i t .
There i s  an appendix w hich c o n ta in s  some s e r ie s  u sed  in  th e  t e x t .  
These can be o b ta in ed  from r e s u l t s  g iv e n  in  O b erh ettin g er  [ 1 1 ] .  Equ­
a t io n s  in  th e  appendix are r e fe r e n c e d  in  th e  t e x t  by th e  p r e f ix  "A".
The numbering system  i s  a s f o l lo w s :  eq u a tio n s  are numbered (m .n .) .  T h is  
r e f e r s  to  th e  n th  eq u a tio n  in  s e c t io n  m. I f  an eq u a tio n  i s  r e fer en ced  
in  th e  t e x t  i t  would appear as ( £ .m .n . ) ,  where £ r e f e r s  to  th e  ch ap ter  
i t  appears in  and m,n d e fin e d  a s  p r e v io u s ly .  T h is i s  a f a i r l y  stan d ard  
r e fe r e n c e  system  and sh ou ld  cau se no problem  to  th e  rea d e r .
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2 . SINGULAR INTEGRAL EQUATIONS 
In t h i s  s e c t io n  we d e a l w ith  some in t e g r a l  eq u a tio n s  o f  th e  form
F (x) = f ( x )  (o <  a <  x <  b <  it) (2 .1 )
where
fb
M ( x ,t ) p ( t ) d t  ( o < x < tt) (2 .2 )
a
F ( X)  =  I
and M (x ,t) i s  a s in g u la r  k e r n e l.  To t h i s  end we n o te  th e  fo l lo w in g  theorem  
w hich i s  o b ta in e d  from T r ico m i's  paper [ 8 ]  on th e  f i n i t e  H ilb e r t  transform
HCP ( t ) ; x ]  = £ d t . (2 .3 )
-1
THEOREM. I f  f  e Z.2 ( - l , l ) ,  th e  s in g u la r  in t e g r a l  eq u a tio n
H [p ( t ) ;x ]  = f ( x )  ( - 1 < x < 1 )  (2 .4 )
h as th e  s o lu t io n
p ( t )  = C ( l - t 2)"%-  ( 1 - t 2) “%H [ ( l - x 2) J2f ( x ) ; t ]  (2 .5 )
where C i s  an a r b itr a r y  co n sta n t arid th e  second term on th e  r ig h t  b e lo n g s  
to  th e  c l a s s  i.2 ( - l , l ) .  Furtherm ore, s in c e
t f [ ( l - t 2) _Js;x ] = - s g n (x )  (x 2 -  l)~ ^ H (x2 -  1) (2 .6 )
we have
H[P( t ) ; x ]  = sg n (x ) (x 2 -  1 ) -J% (x2 -  l ) { f / [  (1 -  y 2 )^ f (y )  ;xll -  c}
+ f ( x ) H ( l - x 2) .  (2 .7 )
In v iew  o f  th e  above theorem  i t  i s  a s im p le  m atter to  show t h a t ,  under 
s u i t a b le  c o n d it io n s ,  th e  fo llo w in g  r e s u l t s  h o ld .
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LEMMA 1 . L et X ,T ,a ,B  and h be c o n tin u o u s , r e a l  v a lu ed  fu n c t io n s  d e fin ed
on th e  in t e r v a l  (0,7r) where a ,B  a r e  n o n -v a n ish in g  and h in c r e a s e s  mono-
t o n i c a l l y .  L et M (x ,t)  be th e  s in g u la r  k e r n e l
M (x ,t)  = X (x) +  T ( t ) + a ( t ) B ( x ) [ h ( t )  -  h ( x ) ]  1 (2 .8 )
then  th e  in t e g r a l  eq u a tio n  ( 1 .2 .1 )  h as th e  s o lu t io n
r _ C!h' ( t )  _ h * ( t )  A (x ) fj  (x )h '  (x )d x  . .
pv ' a ( t ) A ( t )  m x(.t)A (t) r w „ \ _ io / ^Eh(x) -  h ( t ) ) B ( x )
where A and B a re  th e  c o n s ta n ts
A = -  
TT
b |-b
p ( t ) d t ,  B = ±  T ( t ) p ( t ) d t  (2 .1 0 )
a •'a
C i s  an a r b itr a r y  c o n s ta n t ,
f i ( x )  = f ( x )  -  AX(x) -  B, (2 .1 1 )
and
A(x) = { [h (b )  -  h ( x ) ] [ h ( x )  -  h ( a ) 3 } ^ .  (2 .1 2 )
In a d d it io n  we have
F (x) = H [ (b -x ) (a -x ) ] { A X (x )+ B + s g n (a + b -2 x ) [ F i( x )+ B F a (x )]B (x ) /A i(x )}
+  H [ ( b - x ) ( x - a ) ] f ( x )  (2 .1 3 )
where
fb
F i(x )  = C - £
a
E £-(y )_  AX_(y) ]A(y)h_’_(y) . .
Ch(y) - h ( x ) ] B ( y )  d y ’ (2 ,1 4 )
F 2 ( x )  = - f b  A (y ) h l( j )d y  . .
F z W  it)  Hh(y) -  h (x ) U3(y) ( 2 ‘ 15;>
and
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A i(x ) = { [h (b ) -  h (x )3 [h (a )  -  h ( x ) 3}^ .
COROLLARY 1 . I f  3 ( x ) = 1 ( 1 .2 .1 3 )  ta k e s  th e  s im p le  form  
F (x) = H [ (b -x ) (a -x )3 s g n (a + b -2 x ){ B [h (b )+ h (a )  -  2 h ( x ) 3 +  2 F j ( x ) } /2 A i(x )  
+ H [(b -x ) (a -x ) ]A X (x )+ H [ ( b - x ) ( x - a ) 3 f ( x ) .
COROLLARY 2 . I f  th e  s u b s id ia r y  co n d it io n
r b
p ( t ) d t  = 0
* a
i s  imposed then  A= 0 and C i s  g iv en  by
h 1( t ) d t
a C t)A (t)
[ f  (x ) - B ]A ( x )h '( x )  
Ch(x) -  h ( t ) 3 3 ( x ) dx
C =
b h ?( t ) d t  
„ a ( t ) A ( t )
I f ,  in  a d d it io n , o t(t) = 1 th en  C= 0.
COROLLARY 3 . I f  M (x ,t)  i s  g iv en  by
M (x ,t)  = lo g h ( x ) + h ( t )h (x ) -  h ( t )
where h i s  p o s i t iv e  and m o n o to n ica lly  in c r e a s in g ,  th en
r.Ct-'v -  C h ' 2h' ( t )
p(-t ;  " 5 ( t )  " TTfi(t)
5 ( x ) f  (x )h (x )  
h 2 (x) -  h 2 ( t ) dx
and
F (x) = H[ (b -x ) (a -x )  3 s g n (a + b -2 x )^ -^ - <S(y) f (y)h (y)  h 2 (y)  -V ( x )  d y.
+  H [ ( b - x ) ( x - a ) 3 f ( x )
where
5
(2 .1 6 )
(2 .1 7 )
(2 .1 8 )
(2 .1 9 )
(2 . 20) 
(2 . 21)
(2 . 2 2 )
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6(x) = { [ h 2 (b) -  h2 (x)3Ch2 (x) -  h2 ( a ) ( 2. 23)  
<51 (x) = { [ h 2 ( b ) - h 2 ( x ) ] [ h 2 ( a ) - h ^ x ) ] } * 5, (2 .24)
and C i s  an a r b itr a r y  c o n s ta n t .
I f  th e  s u b s id ia r y  c o n d it io n  ( 1 .2 .1 8 )  a p p l ie s  th en  C i s  determ ined by 
th e  form ula
h ' ( t ) d tc = 2h(b)
. ttKJ
6 ( x ) f ( x ) h ( x ) d x  
h2 (x) -  hz ( t )  { 2 ' 2 5 )
in which K{ = F [y , (1 -  k2) 2] i s  the a s s o c ia t e d  complete e l l i p t i c  i n t e g r a l  of  
the f i r s t  kind wi th  parameter
f e - H f } .  (2 .2 6 )
LEMMA 2 . L et th e  k e r n e l M (x ,t) be such th a t
J ^ ( x , t )  = X (x) +  T (t)  + a ( t ) B ( x ) [ h ( t )  -  h ( x ) ]  * . (2 .2 7 )
Then, on d i f f e r e n t ia t in g  ( 1 .2 .1 )  w ith  r e s p e c t  to  x  and u s in g  Lemma 1, we 
s e e  th a t
= CTl* ( t )  h ' ( t )
}  a ( t ) A ( t )  ~ TTa(t)A(t) a
and
F *(x) = H t(b -x ) (a -x ) ] { A X (x )+ B +  s g n (a + b -2 x ) [ F i( x )+  BF2 ( x ) ] 3 ( x ) / A i ( x ) }
+ H [ ( b - x ) ( x - a ) ] f ' (x ) (2 .2 9 )
where
f 2 (x ) = f ' (x ) -  AX(x) -  B , (2 .3 0 )
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Fi(x)  = C - i Cf ’ (y) - A X (y ) ]A (y )h ' (y )  [h(y)  - h ( x ) 3 3 ( y ) dy (2 .3 1 )
and
A(y)h?(y)dy  
[h(y)  -  h ( x ) ] 0 ( y ) (2 .3 2 )
Furtherm ore, on m u lt ip ly in g  ( 1 .2 .1 )  by h ' ( x ) /a (x )A (x )  and in t e g r a t in g  from  
x = a to  x = b , we o b ta in  th e  c o n d it io n
M i ( t ) p ( t ) d t  = f (g )V .(* )  dxa(x)A(x)  ax ’ (2 .3 3 )
in  w hich
Mt ( t )  - - a(x)A(x) dx (2 .3 4 )
U sin g  t h i s  c o n d it io n  we now f in d  th a t  C i s  g iv en  by
f  (x).h ' (x ) X  
Ct(x)A(x) QX 7T
Mi ( t ) h ’ ( t ) d t  
a ( t ) A ( t )
A(x) f 2 ( x )h ' ( x )  
Ch(x) -  h ( t ) ] 8 ( x ) dx
Mi ( t ) h ' ( t )  
a ( t ) A ( t )
(2 .3 5 )
COROLLARY 1 . I f  M (x ,t) = lo g  
t o n i c a l l y  in c r e a s in g , then
h ( x ) + h ( t )
h (x ) -  h ( t ) where h i s  p o s i t i v e  and mono-
P(t)  = C h' ( t )  2 h * (t)6 ( t)  irS(t)
<S(x)f' (x )h(x)  . 
h 2(x) -  h2 ( t ) (2 .3 6 )
and
F '(x )  = H [ (b -x ) (a -x ) ] s g n ( a + b - 2 x )F i(x )h ’ ( x ) / 6 i ( x ) + H [ ( b - x ) ( x - a ) ] f ' (x ) (2 .3 7 )
where
F i(x )  = ^ ■ ) f . ' (y )h (y )  dvhHy)  -  h 2 (x) dy’ (2 .3 8 )
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and C i s  g iv en  by th e  form ula
r _ h Q>)
L " KiKi
f ( x ) h ' ( x )  2h(b)
<5(x) dX+ TTKi
h ' ( t )
6 ( t ) d t
6 ( x ) f ' (x )h (x )  
h 2 (x ) -  h 2 ( t ) dx
in  w hich Ki and Kj a re  th e  com p lete  e l l i p t i c  in t e g r a l s
Ki = Kj = F C l.U -k f)* 5]
w ith  param eter
k l = M a i
Kl h (b ) ’
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TRIPLE SINE SERIES
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1 . TRIPLE SINE SERIES OF TYPE 1
We b eg in  by co n s id e r in g  th e  s e r i e s
G(x) -  Z n A s in  nx = 0 ( 0 .< x < a ), n  v 'n = l
F (x) = Z 0 ) A s in  nx = f ( x )  (a .< ,x < b )
n=l n n
G(x) = Z n ^A s in  n x = 0 (b < x<  it) 
n=l n
L et
p ( t ) c o s n t d t  ( n ^ l )
where
p ( t ) d t  = 0 .
Then, by (A 4 ),
and
where
G(x) = H [ ( b - x ) ( x - a ) ]
x
p ( t ) d t
F (x ) = -TT M ( x ,t ) p ( t ) d t  ( 0 ,7r)
3 _ i
M (x ,t) = - 2 x — Z u n c o s n x c o s n t  dx . ,  n n=l
I t  fo l lo w s  a t  once th a t  th e  t r i p l e  s e r i e s  ( 2 .1 .1 )  a re  s a t i s f i e d  by th e  
seq u en ce ( 2 .1 .2 )  p rov ided  p ( t )  i s  a s o lu t io n  o f  th e  in t e g r a l  eq u a tio n
■, fb
M ( x ,t ) p ( t ) d t  = f ( x )  (a ,b )
w ith  s u b s id ia r y  c o n d it io n  ( 2 . 1 .3 ) .
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Case (1 ) The f i r s t  s p e c ia l  ca se  we d e a l w ith  c o n s i s t s  o f  th e  eq u a tio n s
G(x) = E n ^A s in  nx = 0 (0 ,< .x < a )
n=l n
F (x) = E A s in  nx = f ( x )  (a  < x < b )i nn=l
(1 .8 )
G(x) = E n ''"A s in n x  = 0 (b < 'x< it) 
n = l n
which have a l s o  been in v e s t ig a t e d  by P arih ar [6 ]  and by T ran ter [ 5 ] .  In  
t h i s  c a s e ,  by (A5 ) ,
g
M (x ,t)  = g ^ lo g | 2(.cos x  -  co s  t )  | (1 .9 )
so th a t  p ( t )  must s a t i s f y  th e  eq u a tio n
s in  x
c o s  t  -  COS X p ( t ) d t  = f ( x )  ( a < x < b ) ( 1 . 10)
w ith  s u b s id ia r y  c o n d it io n  ( 2 . 1 . 3 ) .  By v ir t u e  o f  Lemma 1 , Cor 2 i t  fo llo w s  
th a t
fb
and
P ( t )  = s in  t  irA(.t)
A (x ) f(x )
COS t  -  COS X
dx ( 1 . 11)
J i n i f  A (y ) f (y )  dy (0>a)
7tA^ (x) J cos  y -  cos  x J  ’
F (x) = <
- s m  x  
irAi (x )
f ( x )
A (y ) f (y )  
co s  y -  co s  x
( a , b )
dy (b,ir)
( 1 . 12)
where
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A(x) = { (c o s  b -  co s  x ) (c o s  x  -  cos a) } 2 (1 .1 3 )
and
i ,
A i(x )  = { (c o s  b -  c o s  x ) (c o s  a -  co s  x ) } 2. (1 .1 4 )
Case (11 ) The t r i p l e  s e r ie s
CO
G(x) = E n bA s in n x  = 0  ( 0 < x < a )
i nn=l
F (x) = E coth(urrX)A s in n x  = f ( x )  ( a < x < b )  (1 .1 5 )
n =l n
00
G(x) = E n bA s in n x  = 0  (b < x < 7 r )
n=l
where X >  0 .
From (A9) we s e e  th a t
2K -Kx. ,Kx> , .Kx.
2 K „ ,f c  IT s,' (T ' )c n (T r>dn< T )MCx.t) -  — ZC-> + ------- — --------- j —  (1 .1 6 )
sn  (— ) -  sn (— )
where Z (z) i s  J a c o b i 's  Z eta  fu n c t io n . T h erefore p ( t )  i s  g iv e n  by th e  
in t e g r a l  eq u a tio n
, 2K ,Kx. / Kx, , ,Kx,bTsn(T)cn(ir)dn(ir)
-----------— ------------ nr-----  p ( t ) d t  = f ( x )  ( a < x < b) (1 .1 7 )
a s n 2 ( ^ ) - s n 2 ( ^ )
IT TT
and c o n d it io n  ( 2 . 1 . 3 ) .  By Lemma 1 , Cor 2 i t  fo l lo w s  th a t
A (x ) f (x )d x
2K ,Kt. /Kts j  ,K t, , — sn (— )c n (— ) dn(— ) fb 
.  .  TT TT TT TTp ( t )  = -
TrA(t) 2 /KX\ 2 ,K t, ’ a sn (— ) -  sn (— )
(1 .1 8 )
and
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2K ,Kx. ,Kx. .Kx.— sn (— )cn(;— )d n (— ) fb 
TT  TT TT TT
irAi (x )
A(y)f(y )d y
2 ,Ky. 2 /-Kxs a sn (—*-) -  sn (— )
TT TT
(0 ,a )
F (x ) = 1 f ( x ) (a ,b )
2K .Kx. .Kx. j .Kx . ,—-sn (— )c n (— ) dn(— ) fb 
TT N TT TT TT
ttAi ( x )
A ( y ) f ( y ) d y
2 ,Kys 2 /Kx, a sn  ( - £ ■ )  -  sn  (— )
( b  } t t )  '
where
and
A(x) = { [ s n 2( ^ >  -  s n 2 ( ^ ) ] [ s n 2 ( ^ )  -  s n 2 ^ ) ] } ^ ,
At (x ) = { [ sn 2 ( ~ )  -  sn 2 (~ r ) ] ( sn 2 ( ~ )  -  sn 2 ( ~ )  3 ) ^ -
Case ( i i i )  The t r i p l e  s e r i e s
G(x) = E n s in n x  = 0 ( 0 < x < a )
n= l n
F (x) = E tanh(nirX)A s in n x  = f ( x )  ( a < x < b )  
n = l n
00
G(x) = E n A s in n x  = 0  ( b < x < ir )
n = l n
where X > 0 .
By (A7) we s e e  th a t
M (x ,t)  = -T j^ log
nd(— ) + n d ( — ) 
N TT '  TT
nd(— ) - n d ( — ) 
TT TT
and h en ce th a t  p ( t )  m ust s a t i s f y
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J.
IT
nd(— ) + n d (— ) TT TT
n d ( ^ )  - n d ( ^ )  TT TT
p ( t ) d t  = - f ( x )  ( a < x < b )
w ith  s u b s id ia r y  c o n d it io n  ( 2 .1 .3 ) .  From Lemma 1 , Cor. 3 i t  now fo l lo w s
P ( t )  =
k K , /Ktv j /Ktv - ^ - s d f — )c d (— )
A (t) C + fTT
b A (x ) f  (x)nd(^jr)
,2 /R x. j2 /K t.  a nd (— ) -  nd (— )TT TT
dx
and
^ s d ( ^ ) c d ( ^ ) F i ( x ) / A ! ( x )  (0 ,a )
F (x ) = { f  ( x ) ( a , b )
^ s d ( ^ ) c d ( ^ ) F 1 (x ) /A l( x )  ( b ,T T )
where
F i(x )  = C+ 2
TT
b A (y ) f  ( y ) n d ( ^ ) d y
a nd' ;( % -TT nd2 ( ^ )TT
A(x) = { [n d 2( ^ > - n d 2 ( ^ ) ] [ n d 2 ( ^ ) - n d 2 ^ ) ] } ^ ,
Ai (x ) = { [n d 2 A  -  nd2 ][n d 2 A  -  nd2 ( ^ )  I } ' 2
TT
and
C =
0 ..K b. , kzK , ,K t .  , ,K t .2 n d(——) /-b sd (— )c d (— ).... '  ^  ^  TT
TTK{ A(t) d t
b A (x ) f  (x ) nd ( ~ )
a n d 2 (— ) -  nd2 (— ) TT TT
dx
w ith  Kj = F [-|, (1  -  k2)^ ] and k i = n d ( ^ )  / n d ( ^ )  .
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2 . TRIPLE SINE SERIES OP TYPE 2
Next we c o n s id e r  th e  s e r ie s
Let
G(x) = E nA s in  nx = 0 (0 < x  < a)
n=l
F (x ) = 2 dl 'A. s in n x  = f  (x) (a < x < h) (2 .1 )
n=l
G(x) = E nA s in n x  = 0 (b < x  < ir)
i nn=l
G(x) = H [(b -x ) (x -a )3 p (x )  ( 0 < x < tt) ( 2 . 2 )
th en
A„ " s r
b
p ( t ) s i n n t d t  (n ^ 1) (2 .3 )
a
and
1 k
F (x ) = £TT M ( x ,t ) p ( t ) d t  ( 0 < x < tt) (2 .4 )a
where
M (x ,t) = 2 E n 0^) s in n x  s i n n t .  (2 .5 )
n= l n
I t  fo l lo w s  th a t  ( 2 .2 .1 )  i s  s a t i s f i e d  by ( 2 .2 .3 )  i f  p ( t )  i s  g iv e n  by th e  
in t e g r a l  eq u a tio n
•b
M ( x ,t ) p ( t )d t  = f ( x )  (a < x  < b) . (2 .6 )
a
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
Chapter 2 .2 16
Case ( i )  We b eg in  w ith  th e  s p e c ia l  c a se
G(x) = Z nA s in  nx = 0 (0 < x < a)
i nn=l
F (x) = Z A s in n x  = f ( x )  ( a < x < b )
n= l n
. G(x) = Z nA s m  nx = 0 (b < x < tt) 
i n n=l
w hich i s  d isc u sse d  by P arih ar in  r e fe r e n c e  [ 6 ] .  In v iew  o f  (A3)
M (x ,t) = lo g
. x  t  tan-j + tan^
. x  t  
ta n -j-  tan^-
and p ( t )  must s a t i s f y  th e  in t e g r a l  eq u a tio n
P ( t ) lo g
. X ttan—+ tan—
. x t  t a n j -  t a n j
d t = f  (x ) (a <  x <  b)
T h e re fo re , by Lemma 2 , Cor 1,
P ( t )  =
C s e c 2-!- s e c 2-|-rb A ( x ) f ' (x ) ta n ?
2A (t) TrA(t) a ta n 2^ - t a n 2
dx
where
A(x) = { [ t a n 2 y  -  ta n 2 ^ f t a n 2 ta n 2 ^ 1 } ^ ,
C =
ta n 2 y  rb f  ( x ) s e c 2 •j t a n ^  rb s e c 2 y  A ( x ) f ' (ic)tan
2KjKj A (x) dx +  ttKj _ A (t) ■ dt a  ta n 2 ^  -  ta n 2 -j
d x ,
Ki = F[— , k i i  K’ = F [y , (1 -  k j)  “] and kj = ( t a n j ) / (ta ir j)
(2 .7 )
(2 .8 )
(2 .9 )
(2 . 10)
(2 . 11)
(2 . 12)
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In a d d it io n
F' (x) = <
2 x  Se c  j
2AX(x) C- f
sec
2Ai(x) C - -TT
b A ( y ) f 1 ( y ) t a n ^
-------------------------dy
2 y  2 x
a ta n 2 -  tan
f ' ( x )
b A ( y ) f ' (y )tan -|-
a ta n 2 ^ -
dy  ^ 2 xtan  2
( 0 , a )
(a ,b )  >
(b,7T)
where
A i(x ) = { [ t a n 2 y -  ta n 2 j ] [ t a n 2 -  ta n 2 ^ ]} 'S.
Case ( i i )  The t r i p l e  s e r ie s
00
G(x) = Z nA s in n x  = 0  ( 0 < x < a )
n = l n
F (x ) = Z tanh(nirA)A s in n x  = f ( x )  ( a < x < b )
i n
00
G(x) = E nA s in n x  = 0  ( b < x < ir )
n = l n
where X > 0.
By (A6)
M (x ,t)  = lo g
.Kx. .K t.tn (— ) +  tn (— )
TT TT
,I<x. .Kt.tn (— ) -  tn (— )
TT TT
and p ( t )  i s  g iv e n  by th e  eq u a tio n  
, rb
P( t ) l o g
. ,Kx. /Kt. tn (— ) +  tn (— )
. .Kx. ,Kt.tn (— ) -  tn (— )
TT TT
dt  = f  (x)  ( a <  x <  b) .
(2 .1 3 )
(2 .1 4 )  ■'
(2 .1 5 )
(2 .1 6 )
(2 .1 7 )
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From Lemma 2 ,  Cor 1 i t  now fo l lo w s  that
2K , ,K tv ,K tN „p(t) =iA(iric(-?')nc(ir) <c
J rb A (x ) tn ( - ^ ) f  ’ (x)
- i l ^  2 /KXv . 2 /Kt.a tn (— ) -  tn (— )TT TT
dx
where
A(x) = { [ t n 2 ( ^ >  - t n 2( ^ ) ] [ t n 2( ^ )  - t n 2 ^ ) ] } ^ ,
K tn 2 (Kb)'  TT '
c = 2irK1K}
f ( x ) j  ,Kx  ^ ,Kxx , ~ry  v-dc (— ) nc (— ) dx A(x) TT TT
+
K tn  A    TT
TT2K!
, , ,KtN ,Kt,.b dc(——)nc(-rr-). TT TT
A(t) dt
b A ( x ) t n ( ^ ) f ' ( x )
. 2/Kx. 2/Kt.a tn (— ) -  tn  (— )TT TT
dx ,
Ki = F [ f , k i ] ,  K[ = F[- -^, (1 -  k2)"2] and ki = t n 0 / t n 02 NiSn ,Ka, ,Kbx
Furthermore,
F'(x)  = <
2 K d c ( ^ ) n c ( ^ )
ttAi ( x) F i ( x) ( 0 , a )
f ' ( x ) (a ,b )
2 K d c ( ^ ) n c ( ^ )  
fA i (x ) Fl (X) (b,TT)
where
dy,
and
Ai (x) = (E tn2( %  -  t n 2( ^ ) ] [ t n 2 ( ^ )  -  tn 2 ^ ) ] / ?TT TT TT TT
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Case ( i i i )  The t r i p l e  s e r i e s
G(x) = E nA s i n n x  = 0 
nn=l
( 0  < x  < a)
F(x) = E coth(nTrA)A s i n n x  = f ( x )  ( a < x < b )
n= l n
G(x) = E nA s m n x  = 0
i nn=l
(b < x  < it)
where X >  0 .
In t h i s  ca se  (A8 ) im p l ie s  th a t
M (x ,t )  = log
and p(.t) must s a t i s f y  th e  i n t e g r a l  eq u ation
1  (b-  P ( t ) lo g  
■* a
f )  .x+ t  . 
Vi C-y-.q)
= f  (x ) (a  < x  < b)
S in ce
2K ,Kt. ,-Kt. , ,Kt.
9M 2K„.Kt .^ T 811 it ^Cn T^T  ^  ^ ir ^= — Z(— ,k ) + -
s n ^ - s n ^ )
Lemma 2 a p p l ie d  so  th a t  p ( t )  i s  g iv en  by
p ( t )  =
2R ;b A (x) sn ( ^ )  cn (^r) dn ( ^ )
A(t)
■ ir ir ' ir
7 T 2 A ( t )  I 2 / K x .  2 / K t .
J a sn (— ) -  sn (— )
C f ’ (x) -  B]dx
where B and C are c o n s ta n ts  determ ined by th e  c o n d i t io n s
(2 .2 4 )
(2 .2 5 )
(2 .2 6 )
(2 .2 7 )
( 2 .2 8 )
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and
in  which
and
In a d d i t io n ,
F'(.x) = <
where
B . 4
TT
( 2 .2 9 )
( c  + c , t ) p ( t ) d t  = f ( x )A(x) d x ( 2 .3 0 )
dx
q A.Cx ) ’ ( 2 .3 1 )
2K
c l  " tt2
?/KX' dx 
^ ir^A C x) » ( 2 .3 2 )
a t  \  J” r 2 / Kb. 2 / \ n r 2  /  ^  \ 2  / Ka. ni'SA(x) = { [ s n  (— ) -  sn (.— ) ] [ s n  (.— ) -  sn z (— ) ] } ( 2 .3 3 )
a / \ /  r 2 / Kb\ 2 / \ "1 r 2  / Ka v 2  / Fx \AjCx) = { [ s n  (-^-) -  sn (— ) ] [ s n  (.— ) -  sn (— )]>  . ( 2 .3 4 )
[2F 1 ( .x ) + B { s n 2( ^ )  + sn2 (— ) - 2 s n 2 ( ^ ) } ] / 2 A ( x )  ( 0 , a )  1 TT TT TT 1
f ' ( x ) ( a ,b )  > ( 2 .3 5 )
[ - 2 F 1 (x )  + B { s n 2 (-^p) +  sn2 (^jp) -  2 sn z ( ^ ) } ] / 2 A 1 (x )  (b,ir)
FjCx) = C
2K
TT2
b A ( .y ) s n G ^ )c n ( ^ ) d n ( - ^ )
2 /Ky. 2 aKx. sn (-^-) -  s n ( — )
f ' (y ) d y . ( 2 . 3 6 )
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3. TRIPLE SINE SERIES OF TYPE 3
We now co n s id e r  the  s e r i e s
G(x) = Z *Ans i n ( n - 4 ) x  = 0
n=l
( 0  < x  < a)
F(x) = Z to A s i n ( n  - tt) x  = f ( x )  ( a < x < b )
n = l n n
(3 .1 )
G(x) = Z ( n - - | )  1 An s i n ( n - - | - ) x  = 0 
n=l
(b < x  < ir)
Let us s e e k  a s o l u t io n  o f  th e  form
A = -  
n  TT p ( t ) c o s ( n - - ^ t  dt (n ^ 1 ) (3 .2 )
where
p ( t ) d t  = 0 . ( 3 .3 )
Then, in  v ie w  o f  (A l l )
G(x) = H [ ( b - x ) ( x - a ) ]
■x
p ( t ) d t  ( 0  < x  < tt) (3 .4 )
In a d d i t io n ,
F(x) =
TT M ( x , t ) p ( t ) d t  (0 < x < i r ) , ( 3 .5 )
where
M (x ,t )  =  ^ 0)n (n -- | - )  1 c o s ( n - - | ) x  c o s ( n - j ) t ,
n=l
(3 .6 )
so  t h a t  ( 2 . 3 . 1 )  i s  s a t i s f i e d  i f  p ( t )  i s  g iv en  by th e  i n t e g r a l  eq u a tio n
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b
M ( x , t ) p ( t )  dt = f ( x )  ( a < x < b )
a
w ith  s u b s id ia r y  c o n d i t io n  ( 2 . 3 . 3 ) .  
Case ( i )  The t r i p l e  s e r i e s
00
G(x) = £ ( n - y )  ^A^sinfa -  y ) x  = 0 ( 0 < x < a )
n=l
OO
F(x) = E A s i n ( n - 4 ) x  = f ( x )  ( a < x < b ) .
n = l  n
G(x) = £ ( n - y )  '''A^sinCn - y ) x  = 0  ( b < x < i r )
n = l
In v iew  o f  (A12)
M (x ,t )  J y lo g
x , ts e c y +  s e c y
x  ts e c y  -  s e c y
T h e re fo re ,  b y  Lemma 1, Cor 3
and
ts e c y ta n y  . „
P ( t )  = — ~ ~ < C  +2A (t) TT
■b A ( x ) f ( x ) s e c y
2  x  2 t  a sec  y -  s e c  y
dx
x„ x  ^ s e c y ta n y
2A i(x) C +:TT
b A ( y ) f ( y ) s e c ^
2 y  2 x  a s e c  y  -  s ec  y
dy
F(x)  = < f ( x )
X. Xs e c y ta n y  
2A i(x ) C + —TT
b A ( y ) f ( y ) s e c y  
a s e c 2 ^  -  s e c 2 y
dy
( 0 ,a )  ">
(a ,b )
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where
A(x) = { [ s e c 2  y  -  s e c 2 y ] [ s e c 2  y  -  s e c 2  y3}^» 0
A i(x )  = { [ s e c 2 y -  s e c 2 y ] [ s e c 2 y -  s e c 2  y ] } ^ , 0
and C i s  g iv e n  by th e  formula
s e c y  rb s e c y ta n y  fb A ( x ) f ( x ) s e c y
C = ^ r -   ir —  d t     ~
■*a s e c 2 y -  s e c 2  y
TTIC' A (t ) dx c
in  which Kj -  F [y ,  (1 -  k 2) 2] i s  th e  a s s o c i a t e d  com plete e l l i p t i c  in t e g r a l
parameter ki = ( s e c y ) / ( s e c y )
Case ( i i )  The t r i p l e  s e r i e s
G(x) = Z  ( n - y )  *A s i n ( n - y ) x  = 0 
n=l n 2
( 0  < x  < a)
F(x)  = E co th [ (n -y )X T r]A ns i n ( n - y ) x  = f ( x )  
n=l
( a <  x <  b )  ( ;
G(x) = Z  (n--^-) ^A s in (n - -^ - )x  = 0
i »  XI /n=l
( b  <  x  < tt)
where A > 0 .
In  t h i s  c a s e  (A16) shows th a t
M (x ,t )  = - g ^ - o g
dc(— ) + dc(— )
TT TT
TT TT
c
and h en ce ,  by Lemma 1 ,  Cor 3 ,  we have
P ( t )
Kk » 2 ,Kt. 2 /Kt
irA(t) tts n (— )n c  (— ) C i—
b A ( x ) f ( x ) d c ( — )
j 2 / KjCx . 2 /  Ktl ^a dc (— ) -  dc (— )
dx c
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and
where
C  Kk ' 2 ,Kxv 2 /Kxs n (J=i) n c 2 (-;r i ) F i ( x )  ( 0 ,a )
F(x) = <
TrAi (x)Dllv7ryui - tt
f ( x )
Kk I 2 ,K x ,  2 /K x .A , ,-sn(— )nc (— )F x (x )  
f A i  ( x )  f  tt
( a , b )
( b , F )
A(x) = { [ d c 2 ( ^ ) - d c 2 ( ^ ) ] [ d c 2 ( ^ ) - d c 2 & r ) l } h ,
A i(x )  = { [ d c 2 ( ^ )  -  dc2 ( ^ ) ] [ d c 2 ( ^ )  -  d c2 ( ^ ) ] } 1'5,
? r b  A (y ) f  ( y ) d c ( ^ )
F i ( x )  = C + -   - --------- V  dy
‘ a  dc2 ( ^ )  -  d c2 (— )
and C i s  g iv en  by th e  e x p r e s s io n
Kb. , Kk’ 2 .Kt. 2 /Kt. , , ,  , £ /  ,Kx,
2 d c ( — ) r b —  s n ( T ) n c  (— )
TTK i Ja A (t )  dt
b A(x) f  (x) d c (— ) 
 7 Z -------------------dx
a dc2 (— ) - d c 2 (— )TT F
in  which Kj = F [ j ,  ( 1  -  k 2)^ ]  and ki = d c ( ^ ) / d c ( ^ )  ,
Case ( i i i )  The t r i p l e  s e r i e s
OO
G(x) = Z  (n - - | - )  ^Ans i n ( n  -  - | )x  = 0 ( 0 < x < a )
n=l
OO
F(x) = I  tanh[(n--|-)^'n'3Ans i n ( n - ^ ) x  = f ( x )  ( a < x < b )
n=l
00
G(x) = S ( n ■"'2 ') ^Ans in (n - -^ - )x  = 0 ( b < x < 7 r )
n = l
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where X >  0 . 
By (A14)
,Kx. , ,Kt,.n c (— ) + n c (— )
,Kx,. ,Kt.nc (— ) -  nc (— ) 
i r '  tt
t h e r e f o r e ,  in  v iew  o f  Lemma 1, Cor 3,
and
p (  * irA(.t) 1 C tt
b A (x )f (x )n c (^ r)
a n c 2  (— ) -  n c 2 (— )TT TT
dx
K tn  (— ) dc (— )
/  TT IT „  ,  v
-  “I a Too  F l ( x )  ( 0 ’a)
F (x )  = < f ( x ) (a ,b )  >
„ . /Kx, , .Kx.K tn  (— ) dc (— )
ttAT cV   F1(X) ^
where
A(x) = { [n c 2 (^r) -  n c 2 (“ ) 3 [n c 2  (~r) -  n c 2  (~~)
Ai (x) = { [n c 2  ( ~ )  -  nc 2  ( ^ )  ] [ n c 2 ( %  -  n c 2  ( ^ )  ]TT 1 TT
F i ( x )  = C+;
■b A ( y ) f ( y ) n c ( ^ )
a n c 2( ^ )
TT
nc a (S l )
dy
and C i s  g iv e n  by th e  formula
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C =
o /Kh.
i p
TTKj
. K .Ktv , .Kt,. b —tn  C— ) dc (— ) 
TT TT v TT
A (t)
d t
b A (x ) f  (x )n c (^ p )
2 /Ktv 2 / K x n a nc (— ) -  nc (— )
TT TT
dy
in  which Kj . 2 \ h -FC-j’ “ k i ) ”^  and k i = nc(^jp) / n c ( ~ )  •
(3 .3 0 )
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4 . TRIPLE SINE SERIES OF TYPE 4
Next we d e a l  w ith  s e r i e s  o f  th e  ty p e
G(x) = E (n -4 - )A  s in ( n - -^ - )x  = 0
4 “ XX Zn=l
( 0  < x  < a)
F (x )  = E o)nAn s i n ( n - ^ x  = f ( x )  ( a < x < b )  
n=l
G(x) = E ( n - x ) A  s in (n - -^ - )x  = 0 . Z n zn=l
(b < x  < it) ,
Let
then
G(x) = H[ (b -x )  (x -a )  ]p (x )  ( 0 < x < i r )
a 1 (  V 1 A = —(n -  —) n tt 2 ' p ( t )  s i n ( n  -  -jj-y.t d.t (n > 1 )
and
F(x) = M ( x , t ) p ( t ) d t  ( 0 < x < tt) ,
where
M (x ,t )  = E 2wn ( n - - j )  * s i n ( n - - j ) x  s i n ( n - ^ - ) t ,  
n=l
so th a t  ( 2 . 4 . 1 )  i s  s a t i s f i e d  i f  p ( t )  i s  g iven  by th e  i n t e g r a l  eq u a tio n
, fb
M ( x , t ) p ( t ) d t  = f ( x )  ( a < x < b )  .
( 4 .1 )
( 4 .2 )
( 4 .3 )
( 4 .4 )
( 4 . 5 )
( 4 .6 )
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Case ( i )  The t r i p l e  s e r i e s
00
G(x) = Z ( n - y ) A  s i n ( n  -  = 0 ( 0 < x < a )
n=l 1
F(x) = Z A s in (n - -^ - )x  = f ( x )  ( a < x < b )
1 X1 z.
oo
G(x) = Z (n -^ -)A ns i n ( n - - j ) x  = 0  (b < x < T r)  . 
n=l
In  t h i s  c a s e  (A10) shows th a t
M (x ,t )  = l o g
s i n | -  s in | -
t h e r e f o r e ,  by Lemma 2 ,  Cor 1,
and
C cos
P ( t )  =
cos^- rb A ( x ) f 1 (x ) s in ir
2 A (t )  irA(t) . 2  x  . 2 t  a s m  — -  s m  -r-
dx
x
c o s j  
2A i(x) c ~ ¥
b A ( y ) f ' (y )s ir ey
a S in 2 Z _ - , _ 2 X
dy
sxn j  _j
f * (x>: = <
X 
c o s 2  
2A i(x) C- f
f ' ( x )
b A ( y ) f *( y ) s i n ^  
a s i n 2 -^ -  s i n 2 - |
dy
(0 ,a )
(a ,b )
(b,TT)
where
A(x) = { [ s i n 2 | - - s i n 2 ^ ] [ s i n 2  j - s i n 2
A i(x )  = { [ s i n 2 - | - s i n 2 ^ ] [ s i n 2 | L- s i n 2
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and C i s  g iv e n  by th e  formula
sin"1 -^ r b f ^ c o s ^ -  sin^-rb cos^dt rb A (x ) f ' (x^ in ^-d xm  fDt^xjcos^ m y  rt 
C= L  A(x) dx +  1 fK j'l, ± , A (t)a 1 ' a . 2  x . 2  ta s m  — -  sm
in  which Kx = F [ j , k 1 ] ,  Kj = F [ j ,  (1 -k 2)'1] and k x = ( s i n | )  /  ( s i n | ) ,
Case ( i i )  The t r i p l e  s e r i e s
G(x) = Z ( n - y ) A  s i n ( n - - | ) x  = 0  (0 < x  < a)
n=l
F (x )  = Z tanhC(n-y)TTX]Ans i n ( n - y ) x  = f ( x )  ( a < x < b )  
n = l  n
G(x) = Z (n -^ -)A n s i n (n ~ ^ ) x  = ® ( b < x < 7r)
n = l
where A > 0 .
In  v ie w  o f  (A13)
M(x, t ) = lo g
, -Kx. , , -Kt.sd (— ) + sd (— ) TT _____  TT
sd (— ) - s d ( — )
TT TT
and Lemma 2 ,  Cor 1 a p p l i e d .  I t  f o l lo w s  th a t
P ( t )  =
v  /KtN , 2  ,Kt •. K cn (— )nd (— )
irA(t) - f f
b A (x)f ’ (x)sd(^jr)
, 2 /KXs j 2 /-Kt. a sd (— ) -  sd (— )ir ir
dx
where
A(x) = { [  sd2 ( f )  -  sd2 ( ^ )  ]Csd2 ( ^ )  -  sd 2
(4 .1 3 )
(4 .1 4 )
(4 .1 5 )
(4 .1 6 )
(4 .1 7 )
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C =
K sd* ( ^ )  ,b f  (x) cn ( ^ ) n d 2 ( ^ )
TTKjKJ A(x) dx
2K s d ( ^ )  
+ ' ^ K * '
, .Kt. , 2 ,Kt. b cn(— )nd (— ) 
TT /  TT
A (t) dt
b A ( x ) f ' (x) s d ( ^ )
„ „ , 2  /-Kx. , 2  /Ktva sd (— ) -  sd (— )
tr ir
dx
Ki = F[-j,k i ] ,  K{ 
In a d d i t io n
= F [ ^ , ( l  -  k f )  2] and k i = s d ( ^ ) / s d ( ^ j r ) ,
and
F ’ (x) = <
7,  /Kx> . 2 /KX\ K cn (— )nd (— ) 
TT TT
ttA i  ( x )
f ' (x)
,Kx, j  2 ,Kx, K cn (— )nd (— ) 
TT TT
F i (x )  (0 ,a )
ttA i  ( x )
(a ,b )
"F1 (x) (b,TT)
where
F i (x )  = C - J
b A ( y ) f ' ( y ) s d ( ^ )
a s d 2 ( f ) - s d 2 ( f )
-dy ,
Ai (x) = { [ sd 2 (^ -)  -  sd 2 ( ^ )  ] [ sd2 ( ^ )  -  sd2 ( ^ )  ] }k .
(4 .1 8 )
(4 .1 9 )
(4 .2 0 )
(4 .2 1 )
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Case (in') The t r i p l e  s e r i e s  
00
G(x) = £ (n -- |- )A  s i n ( n ~ 4 ) x  = 0. z n /n=l
(0 < x <  a)
F(x) = £ c o th [  (n -y )X ir ]A  s i n ( n - - y ) x  = f ( x )  ( a < x < b )
n = l n ^
G(x) = £ (n -  4 ) A s i n ( n - - i ) x  = 0i i. n I.n=l
(b < x <  ir)
where A > 0.
By (A15)
M (x ,t )  = l o g
.Kx. ,Kts sn(— ) + sn(— )
,Kx. .Kt.sn(— ) -  sn(— ) TT TT
and Lemma 2 ,  Cor 1 shows th a t
P ( t )  =
v ,Kt. , ,Kt. K cn(— )dn(— )
TTA(t)
b A (x) f ' (x) sn O^r)
2 ,Kx. 2 /Kt.a sn (— ) -  sn (— )TT TT
dx
where
A(x) = { [ sn 2 (~ r)  -  s n 2 ( ~ )  3 C sn2 (^p) -  sn2 (“ ) 1 ,
C =
ir 2 ,Kb, K sn (— )
TTt^Kj
fb f ( x ) c n ( - ^ ) d n ( ^ >
A0 0
dx
2K s n (^ - )  TT
tt2K{
, / K t . ,  ,Kt.b cn(— )dn(— )
„ A (t ) d t
b A ( x ) f ' ( x ) s n ( ~ )
2 /Kx. 2 a sn (— N /Kt V) -  sn (— )
dx,
KJ -= F[-j, (1 -  k2) 2] and. k i = s n (^ p - ) / s n ( ^ )  .
Furthermore
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„ /Kx. , ,Kx. K cn (— ) dn (— )77 TT
ttaT oo- — F l ( x )  ( 0 ’a)
F ' ( x )  = { f ' ( x ) (a ,b )
„  /Kx, , .Kx. K cn (— )dn(— )
7rA7(xj Fi (x) (b , tt)
where
F i(x )  = C - J
f b  A ( y ) f ' ( y ) s n ( ^ )
2 ^ - s n 2 ( ^ )77a s n ( ^ )77
dy
and
A i(x ) = { [ sn 2 ( ~ )  -  sn 2 ( ^ ) ]  [ sn 2(^ >  -  sn 2 ( ^ )  ] }h .
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TRIPLE COSINE SERIES
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TRIPLE COSINE SERIES OF TYPE 1
The f i r s t  c o s in e  s e r i e s  we d ea l  w ith  are  s e r i e s  o f  th e  type
G(x) = A + Z n c o s n x  = 0  (0 < x <  a)
O - IXn=l
F(x)  = (nA +  E (i) A c o s n x  = f  (x) (a <  x <  b)o o . n n  % / \ /
n=l
( 1 . 1)
G(x) = A + Z n *A c o s n x  = 0 o n
n=l
(b<  x <  tt)
On see k in g  a s o l u t io n  o f  th e  form
1  fb
Ao = " ?  t p ( t ) d t ( 1 . 2)
and
A = -  — 
n  IT
p ( t ) s i n n t d t  ( n ^ l ) ( 1 .3 )
we f in d  th a t
rx
G(x) = H [ ( b - x ) ( x - a ) ] p ( t ) d t  ( 0  < x <  tt) (1 .4 )
provided
p ( t ) d t  = 0 . ( 1 .5 )
S im i la r ly  we f in d  th a t
rb
F W  -  - M ( x , t ) p ( t ) d t  ( 0 < x < t t ) ( 1 . 6)
where
M (x ,t )  = - 0) t  -  2 Z u c o s n x s i n n t  o . nn = l
( 1 .7 )
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and hen ce  t h a t  ( .3 .1 .1 )  i s  s a t i s f i e d  i f  p ( t )  i s  a s o l u t io n  o f  th e  i n t e g r a l  
eq u a tio n
M ( x , t ) p ( t ) d t  = f(.x) ( a < x < b ) ( 1 . 8)
w ith  s u b s id ia r y  c o n d i t io n  ( 3 . 1 . 5 ) .
Case ( i )  The f i r s t  c a s e  we examine c o n s i s t s  o f  th e  s e r i e s
CO
G(x) = A + E n ^A co s  n x  = 0 ( 0 < x < a )o . n n = l
F (x)  = 0 ) A +  E A c o s n x  = f ( x )  ( a <  x< b) o o . n n = l
( 1 . 9 )
G(x) = A + E n A c o s n x  = 0  (b <  x< tt)' o - nn = l
which have been i n v e s t i g a t e d  by P a r ih a r  [ 6 ] .  In  t h i s  c a s e  (A3) g iv e s
M (x ,t )  = - m Q t — l og
. x  t  tarnj +  t a r r ^
x  t  
tan^ -  tarrj
( 1.10)
so  th a t  p ( t )  must s a t i s f y  th e  i n t e g r a l  eq u a tio n
3 x
log
X  t
t a r r ^ - l -  t a n ^
. x  . t  tan^- -  tan^
p ( . t )d t  = U)qAo -  f ( x )  ( a <  x <  b) ( 1. 11)
By Lemma 1, Cor 3
p ( t )  = 2 A( t )  *<- C+ 2 a3oAo) s e c 2 l  " 2 “ 0 A0 s e c | s e c | }o o
+
s e c 2 -^rb A ( x ) f ( x ) t a n ^
irA(t) a ta n 2- |  -  ta n 2
dx ( 1 . 12)
and
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and
/  *s
-C {F i(x )  + 2w A } s e c 2 ^--2co A sec faec^ -] /2A i (x) ( 0 ,a )o o  I  o  o  L 2.
F(x) = < f ( x ) (a ,b )  )
where
C {Fi(x) +  2 oj A } s e c 2 ^ - 2 t o  A sec^sec-r-]/2Ai (x) (b,ir)  o o  2  0  0  2  2
A(x) = { [ t a n 2 y - t a n 2  y ] [ t a n 2 y - t a n 2 'I']}'5,
A i(x )  = { [ t a n 2 -|--  ta n 2  ^ ] [ t a n 2 -|--  t a n 2 ^ 1 } ^ ,
Fi (x )  = C + ?
b A (y ) f  (yjtan^-
a ta n 2 t a n 2 y
dy
and th e  c o n s t a n t s  Aq and C a re  g iv en  by a  p a ir  o f  s im u lta n eo u s  l i n e a r  
a lg e b r a ic  eq u a tio n s  o b ta in e d  by s u b s t i t u t i n g  ( 3 . 1 . 1 2 )  i n t o  ( 3 . 1 . 2 )  and 
( 3 . 1 . 5 )  r e s p e c t i v e l y .
Case ( i i )  The t r i p l e  s e r i e s
G(x) = A H  n A c o s n x  = 0 o , n n = l
( 0  < x  < a)
F (x)  = (ttA) A + Z  coth(nTrX)A c o s n x  = 0 (a <  x < b)
n =l n
G(x) = A + E n ^A c o s n x  = 0 o i n n = l
(b < X < T T )
where A > 0 .
In v iew  o f  (A8 )
‘  ~ W x - t l o s
f t (“ )
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th e r e f o r e  p ( t )  i s  g iv en  by th e  i n t e g r a l  eq u ation
, 2K ,K t. , K t . ,  ,Kt.  b — sn (— ) cn (— ) dn (— )IT TT IT TT
2 /KXn 2  /Kt, a sn (— ) -  sn (——)7r 7T
p ( t ) d t  = f  (x)  -  B (a  < x <  b)
w ith
>»<«>**
and s u b s id ia r y  c o n d i t io n  ( 3 . 1 . 5 ) .  Lemma 1 now shows th a t
P ( t )  = - J E & )  ^2C + B [sn 2 (Y-) +  sn2 (^ -)  - 2 s n 2 ( ? ) ] }
TT A(t)  _
b A (x) sn ( ? )  cn ( ? )  dn ( ? )TT TT TT
2 /Kx, 2 / Kt.a sn (— ) -  sn (— )TT IT
f ( x ) d x
and
B [sn 2  ( ? )  + sn 2  A  -  2 sn 2 ( ? )  ] + 2Fi (x)
F (x )  = <
2 A i(x )  
f ( x )
B [sn 2  ( ? )  + s n 2 ( ? )  -  2sn 2 ( ? )  ] + 2Fi (x)
2 A i(x )
( 0 ,a )  
(a ,b )
(b,7T)
where
a /  s r r  2 / K K  2 / K x .  n r  2 / K x .  2 / Ka . .A(x) = { [ s n  (— ) -  sn (— ) ] [ s n  (— ) -  sn ( ~ ) 3 j >
a /  \  r  r  2  / K b \  2  / K X \  - i r  2  / K f l .  2  / K X \  nA i(x )  = { [ s n z (— ) -  sn z (— ) ] [ s n  (— ) -  sn (— ) ] )  , 
f b  A ( y ) s n ( ? ) c n ( ? ) d n ( ? ) f  (y)
F l (x )  = C - Z p
TT TT
2 /Ky. 2 /Kxn sn (—*L) -  sn (— )IT TT
■dy
and th e  c o n s ta n ts  B and C a r e  o b ta in ed  by s u b s t i t u t i n g  ( 3 . 1 .2 1 )  in t o  (3 
and ( 3 . 1 . 2 0 ) .
( 1 .1 9 )
( 1 . 20)
( 1 . 21)
( 1 . 22)
( 1 .2 3 )
( 1 .2 4 )
( 1 .2 5 )  
. 1 . 5 )
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Case ( i i i )  The t r i p l e  s e r i e s
G(x) = A + £ n A c o s n x  = 0 (0 <  x <  a)o i n n =l
F(x) = £ tanh(nTrA)A c o s n x  = 0 ( a < x < b )
n=l
G(x) = A + £ n A c o s n x  = 0 (b < x < T r)  o , n n =l
where X >  0 .
In t h i s  c a s e  (A6 ) shows th a t
M (x ,t )  = -  lo g
. ,Kx, ,Kt.tn (— ) +  t n ( — ) 
TT TT
. /Kx. ,Kt.tn  (— )  -  tn  (— )TT TT
and th e r e fo r e  p ( t )  i s  g iv e n  by 
, rb
JL
9x l o g
,Kx. ,Kt,tn  (— ) + tn (— ) 
'  TT '  TT
.Rx. .Kt.t n ( — ) -  tn (— ) IT TT
p ( t ) d t  = - f ( x )  ( a < x < b )
and c o n d i t io n  ( 3 . 1 . 5 ) .  In v iew  o f  Lemma 1 Cor 3 we now s e e  th a t
and
P ( t )  =
.Kts - .Kt.
K nc(— )d c (— ) 
i r A ( t )
C + |7T
/■b A(x) f  (x)  t n ( ~ ) d x
. 2 , K x .  2 , K t .
a “ tn  ^
v  / Kx, . / I<xNK nc(— )dc (— ) 
ir tt
F(x) =<
ttA i ( x )
f ( x )
,Rx, , ,Kx, K nc (— ) dc (— )IT IT
t tA i  ( x )
F i ( x )  ( 0 , a )
(a ,b )
F i  ( x )  (b ,1 T )
where
(1 .2 6 )
(1 .2 7 )
(1 .2 8 )
(1 .2 9 )
(1 .3 0 )
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
Chapter 3 .1 39
and C i s
in  which
FiCx) = C + ^
b A ( y ) f ( y ) t n ( ^ ) d y
.. 2 /Ky. . 2 /Kx.a tn  (-f-) -  tn  (— )
TT TT
(1 .3 1 )
(1 .3 2 )
(1 .3 3 )
g iv en  by th e  e x p r e s s io n
2K t n ( ^ )  TT
c -  TIF1-TT Ki
, /Kt. , ,Kt. b n c (— ) d c ( — )
-  M O
dt
b A (x ) f  (x)  tn(^-jp)
. 2 , K t v  . 2 / - K X .a tn  (— ) -  tn  (— )
IT  TT
dx (1 .3 4 )
Kj = F[- |,  (1 -  k2)'2] w ith  k x = tn (^ p - ) / tn ( -y )  .Ka. . .Kb.
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2 .  TRIPLE COSINE SERIES OF TYPE 2
Let us now c o n s id e r  t h e  t r i p l e  s e r i e s
G(x) = p A +  E nA cos  nx = 0 (0 < x  < a)o o  , n n =l
F(x) = A +  I  to A c o s n x  = f ( x )  (a <  x <  b) o . n n n = l
G(x) = y A +  I  nA c o s n x  = 0  (b<  x <  it)o o i n  n = l
where y i s  a p r e s c r ib e d  c o n s ta n t ,  o
S e t t in g
G(x) = H[ (b -x )  (x -a )  ]p (x )  ( 0 < x < tt)
we f in d  th a t
i f ' 3 2  {1°
V o  = ? P(t)dt’ An=™a
I t  f o l l o w s  th a t
rb
p ( t ) c o s n t d t  ( n ^ l )
a
F(x) = A
o  7T
M ( x , t ) p ( t ) d t  ( 0 < x < tt)
a
where
00
M (x ,t )  = 2 E n c o s n x  c o s n t  
n=l
and hence th a t  p ( t )  must s a t i s f y  th e  i n t e g r a l  eq u a tio n
, rb
M ( x , t ) p ( t ) d t  = f ( x )  ( a < x < b )
a
and c o n d it io n  ( 3 . 2 . 3 ) .
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Case ( i )  The t r i p l e  s e r i e s
G(x) = E nA co s  nx = 0 (0 < x < a)
i nn =l
F (x) = A +  Z A c o s n x  = f ( x )  ( a < x < b )  o . n n = l
G(x) = E nA c o s n x  = 0  ( b <  x <  i t )
i nn=l
On making u se  o f  (A5) we d is c o v e r  th a t
M (x ,t )  = - l o g | 2 ( c o s x -  cos  t ) | d t  
so th a t  p ( t )  i s  g iven  by th e  i n t e g r a l  eq u ation  
. cb
lo g 1 2 ( c o s x  -  c o s  t )  | p ( t ) d t  = A -  f ( x )  ( a < x < b )
a
w ith  s u b s id ia r y  c o n d i t io n
rb
p ( t ) d t  = 0
a
s i n c e  u = 0 . o
D i f f e r e n t i a t i n g  ( 3 . 2 . 9 )  w ith  r e s p e c t  t o  x  y i e l d s  
,  r b
Sln  x  p ( t ) d t  = f ' ( x )  ( a < x < b )c o s  x -  c o s  ta
t h e r e f o r e ,  by Lemma 2 and c o n d it io n  ( 3 . 2 . 1 0 ) ,
r b. s _ s m  t  
p ( t )  frA(t)
where
A ( x ) O .x) dx
C O S  X  -  C O S  ta
A(x) = { [ c o s  b -  c o s  x ] [ c o s  x  -  c o s  a ] }  2.
In t h i s  c a se  ( 1 . 2 .3 4 )  becomes
( 2 .7 )
( 2 . 8)
( 2 .9 )
(2 . 10)
(2 . 11)
( 2 . 12)
(2 .1 3 )
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M.Ct) - f l o g  12  ( c o s  x  -  co s  t )  A(x) ■ s i n  x  dx
= - l o g |  ( c o s  a -  co s  b ) / 2  |
t h e r e f o r e ,  by ( 1 . 2 . 3 3 ) ,  p ( t )  s a t i s f i e s  ( 3 . 2 . 9 )  o n ly  i f
,  r b
Ao TT
f ( x )  s i n  x  
A(x) dx .
L a s t l y  we have
F ' (x )  = <
s m  x  
ttA i ( x )
s i n  x  
ttA i ( x )
f 1 (y )A (y )d y  
co s  y  -  cos  xa
f ' ( x )
b f ' (y )A (y )d y  
co s  y -  co s  x
A
( 0  ,a )  
(a  ,b)
(b,TT)
where
Ai (x )  = { [ c o s  b -  co s  x l t c o s  a -  c o s  x ] }  '
Case ( i i )  The t r i p l e  s e r i e s
00
G(x) = (Att) bA +  Z nA c o s n x  = 0  ( 0 < x < a )o , nn=l
00
F(x) = A + Z tanh(mrA)A c o s n x  = f ( x )  ( a < x < b )
n = l
00
G(x) = ( A tt)  ^A + Z nA c o s n x  = 0 ( b < x < T T )o . nn = l
where A > 0.
In t h i s  c a se  (A7) shows th a t
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M (x ,t )  = lo g
nd(— ) + n d ( — )
IT  TT
n d f e  - n d ( ^ )
TT TT
+  D
where
D = 2 l o g [ k / 2 ( 1 + k ' ) ]  -  4 Z ( - ) nq2 n [ n ( l+ q 2 n)D"1 .
n = l
I t  fo l lo w s  th a t  p ( t )  i s  g iv e n  by th e  i n t e g r a l  eq u ation  
, rb
l o g
n d ( ^ ) + n d ( ^ )
n d ( ^ )  - n d ( ^ )
p ( t ) d t  = f ( x )  -  A q ( 1 + ^ )  (a < x < b)
s u b j e c t  t o  th e  c o n d it io n
P  ( t )  d t  =  A q ( A tt)
- 1
th u s ,  from Lemma 2 ,  Cor 1, i t  f o l l o w s  th a t
P ( t )  =
k2Ksd f t c d f t
_ _ _ _ _ _ _ _ _ _  TT TT
TTA(t)
b A (x) f ' (x)nd  dx
a n d 2 ( ^ ) - n d 2 ( ^ )
TT TT
U sing ( 1 .2 .3 9 )  and ( 3 . 2 .2 2 )  we f in d  th a t
C =
k 2 Knd2 ( ^ )
TT
K J C ttK j  +  ( ttA  +  D ) K J ]
b f (x ) s d ( ^ r ) c d (^ p )d x
„ A U )
2k 2 Knd(— ) 
TT
TT2 K j
b  sd ( ~ )  cd (~r) dt  
„ A (t )
b A(x) f ' (x )n d ( -^ )d x
, 2 / K x n , 2 / K t .  a nd (— ) -  nd (— )
and
k 2 Knd(— )
A =  --------------------------------------- 1 !_____
o  t t K i  +  ( A t t  + D)Kj
b f  (x )  sd ( ^ )  cd ( ^ )  dx 
„ A0 0
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( 2 . 20)
( 2 . 21)
( 2 . 22)
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where
F u r th e r ,
Ki = F [ | , k x ];  KI  = F [ | , ( l - k 2 )'2];  k x =2
k ? K s d ( ^ ) c d C ^ )
A ,(x ) Fx(x)
F ’ OO = < f ' ( x )
k2 K s d ( ^ ) c d ( ^ )  
TT- TT
A1 (x )
nd(ir)
n d ( f )IT
(0 ,a )  
( a , b )  >
Fx(x )  (b  ,tt)
where
=  c - -
fb A(.y)f ’ ( .y )nd(-^)dy
and
ACx) = {Cnd2C - Y ) - n d 2 ( - ^ ) ] [ n d 2( ^ ) - n d 2( ^ ) ] } 1'S,
AjCx) = {Cnd2 ( ^ ) - n d 2 ( . ^ ) ] [ n d 2( ^ )  - n d 2 ( ^ )  A
Case ( i i i )  The t r i p l e  s e r i e s
G(x) = E nA c o s n x  = 0
n = l n
F (x)  = A + Z  c o th (n 7rA)A c o sn x  = f ( x )  o , nn = l
( 0 < x  < a )  
(a  < x  < b)
G(x) = Z nA c o s n x  = 0
i nn= 1
( b < x  <  i t )
In v iew  o f  (A9) we s e e  th a t  in  t h i s  ca se
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M (x ,t )  = l o g ( — ^ - ) - 2 1 og # . ( | , q ) l o g
2 /Kxn 2 /K t.  sn (— ) - s n  (— ) ( 2 .3 1 )
& u =  5where (0 ,q )  and y  i s  E u le r ' s  number. Thus, we r e q u ir e  t h a t  p ( t )
s a t i s f y  th e  i n t e g r a l  eq u ation
1
' TT
lo g ^ ( | , q ) { s n 2( f ) - s n 2( f ) } p (.t )d t  = f ( x )  -  A ( a < x <  b) ( 2 .3 2 )
s in c e  we have th e  s u b s id ia r y  c o n d i t io n
rb
p ( t ) d t  = 0 . ( 2 .3 3 )
F u r th e r ,
3M _2K 7(-Kx . n 2K ^ ( f  ) c n ( f  ) d n ( f )
9 x  IT TT ,  2 ,K x .  2 / K t . - iiTCsn (— ) -  sn (— ) ]
(2 .3 4 )
so  p ( t )  must a l s o  s a t i s f y
2K
IT2
, ,Kx. .Kx. , ,Kx, t  sn(— )c n (— )dn(— )
2 / K t .  2 /K x .a sn (— ) -  sn (— )
p ( t ) d t  = f ' ( x )  ( a < x < b ) .
IT IT
T h e re fo re ,  by Leanma 2 w ith  s u b s id ia r y  c o n d it io n  ( 3 . 2 . 3 3 )
rb2K ,K ts , K t , , ,K tx 
p ( t )  = i^ A ( I )  sn(— )cn (— )dn(— )
A (x ) f  * (x )dx
2 /K tN 2 /Kx.. a sn (— ) -  sn (— )
where
A (t )  = {[sn2( - ^ )  -  sn 2 (^jr)3 [ sn 2( ~ )  -  sn 2^ ) ] ^ .
(2 .3 5 )
( 2 .3 6 )
(2 .3 7 )
To s a t i s f y  ( 3 . 2 . 3 3 )  we f in d  th a t  Aq must be g iv e n  by
Ao ir2
f ( x )  ,KxN , ,Kxv , , 2K>. sn(— -)cn(— )dn(— )dx + —5- A(x) TT TT TT TT2 P ( t ) Z ( ^ ) d T d t .  ( 2 .3 8 )
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T hus, we f in d
ot_ .K x. /K x .  , ,Kx n ,
(  2 K sn (T ) c » ( T )d n (— ) fb A ( y ) f , (7 )d v
7T2 A l ( x ) 2  ^Kx. 2 /KyN a sn  (— ) -  sn (-^ )
F ' ( x ) = <  f ' ( x )
OT,  ,Kx, ,Kx. ,  ,Kx. , 2K sn  (— ) cn (— ) dn (——) rb
TT TT IT A ( y ) f , (y)dy
2  ,Kx. 2  /KV\ a sn  (— ) -  sn (-^-)
(0 ,a )
(a ,b )
(b,ir)
where
Ax (x) = { [ sn 2 A  -  sn 2  ] [  sn 2 A  -  sn 2
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3 . TRIPLE COSINE SERIES OF TYPE 3 
C onsider th e  t r i p l e  s e r ie s
CO
G(x) = E ( .n -y ) '  ^ A ^ c o s C n = 0 ( 0 < x < a )
n = l
00
F (x) = E d3nAnc o s ( ii  - y ) x  = f  (x) ( a < x < b )  (3 .1 )
n = l
00
G(x) = E ( n - ^ )  ^Anc o s ( n - - |- ) x  = 0 ( b < x < 7r) .
n = l
F o llo w in g  P a rih a r  [ 6 ] we l e t
2  fk i
An = p ( t ) s i n ( . n - ^ t  d t ( n > l )  ( 3 .2 )
■*a
where
then
S im ila r ly
where
b
p ( t ) d t  = 0 (3 .3 )
a
G(x) = H [(b -x ) (x -a )  ] | p ( t ) d t  ( 0 < x < tt) .  (3 .4 )
J  a
1  rb P W  -  - M ( x ,t ) p ( t )d t  (0  < x < tt) (3 .5 )
a
00
M (x ,t)  = -2  E oi c o s ( n - - ^ )x  s in (n - -^ - ) t  ( 3 .6 )i n i .  &.n = l
and hence ( 3 .3 .1 )  i s  s a t i s f i e d  i f  p ( t )  i s  g iv en  by th e  in t e g r a l  eq u a tio n
r b
M ( x ,t ) p ( t ) d t  = f ( x )  ( a < x < b )  (3 .7 )
w ith  s u b s id ia r y  c o n d it io n  ( 3 .3 .3 )
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Case ( i )  The t r i p l e  s e r ie s
G(x) = £ ( n - - | )  c o s (n  - | ) x  = 0  ( 0 < x < a )
Tl=l
00
F (x) = £ Anc o s ( n = f ( x )  ( a < x < b )
n=l
00
G(x) = £ ( n - y )  ^A^cosCn- -|-)x = 0  (b < x < T r)
n = l
In  v iew  o f  (A10)
M (x ,t)  = " g ^ lo g
X ts i n j +  s i n j
. x  . ts m y -  sxn^-
T h e r e fo r e , by Lemma 1 , Cor 3
and
P ( t )  =
t
c o s 2  
2 A( i ) C+|TT
b A ( x ) f ( x ) s in ^
- 2 x  . 2 t  a sxn Tj-- sxn
d x
c o s 2
2Ai (x) TT
b A ( y ) f ( y ) s i n j,_y 1
dy
F (x) = <
COS7
2A i(x ) C + -tt
• 2 y . 2 x  a sxn - j -  sxn j
f  (x )
b A (y )f  (y )s in | -
. 2 y . 2  x  a sxn y  -  sxn —
dy
(0 ,a )
(a ,b )
(b ,ir)
where
A(x) = { [ s i n 2 - j - s i n 2 - j ] [ s i n 2 y - s i n 2 y]}"5,
A i(x) = { [ s i n 2 s i n 2 yUCsin2 j - s i n 2 y ] } ^ ,
and C i s  g iv e n  by th e  form ula
(3 .8 )
(3 .9 )
(3 .1 0 )
(3 .1 1 )
(3 .1 2 )
(3 .1 3 )
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C =
Id t  xs in — f b  co s^ d t f b  A ( x ) f ( x ) s in —
ttKJ A(t) . 2 t  . 2 Xa s in  — -  s m  j
dx (3 .1 4 )
-TT , 2 ^^ Sin  which Kj = F[—, (.1 -  k x) ]  i s  th e  a s s o c ia te d  com plete  e l l i p t i c  in t e g r a l
S i bw ith  parameter lq = (s in y )  / ( s in ^ )  .
Case ( i i )  The t r i p l e  s e r ie s
G(x) = Z ( n -x - )  A c o s ( n - x ) x  = 0 , z n zn=l
( 0  < x <  a)
F (x) = Z c o th E (n - Att]A c o s ( n - - x ) x  = f ( x )  ( a < x < b )  , z n zn=l
(3 .1 5 )
G(x) = Z ( n - x )  A c o s (n -x - )x  = 0 , z n Zn=l
(b < x <  TT)
where X > 0.
By (A15)
M(X,t) = -g ^ lO g
,Kx. .Kt. sn(— ) + sn (— )
,Kx. .Kt.sn (— ) -  sn  (— ) 
TT IT
(3 .1 6 )
and h en ce , by Lemma 1, Cor 3 , we have
K c n ( ^ ) d n ( f )
P ( t )  =  — ^ 7 ---------— l c  +  4:7rA(t)
and
TT
b A ( x ) f ( x ) s n ( — )
2,KXN 2/K t. a sn (— ) -  sn  (— )
dx (3 .1 7 )
F ( x )  =  <
i A 7 0 0 Cn(^ )d n O F l(x )  ( 0 ’a)
f (x ) (a ,b )
( b . i r )
(3 .1 8 )
where
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4 (X) -  { [ s „ 2 < f ) - s „ * ( f ) : u „ * ( & ) - s„ * ( 5 > ) ; i } \  
4 .M  - {[s„J(Bi) -sti2(£4):i[sn2(!i) -sn 2^ ) ] } 15,
F i(x )  = C + -
2  rb A ( y ) f ( y ) s n ( ^ ) d y
2 .Ky. 2 .Kx. ’ a sn ( -^ )  -  sn  (— )
and C i s  g iv en  by th e  form ula
C =
0  .Kb. , K .K t. , ,Kt. 
2 sn (— ) rb ^ c n (— )d n (— ) JT
ttk'
1
A(t) dt
b A (x ) f  (x )sn (^ p )
2  .K t. 2 .Kx. a sn (— ) -  sn (— )
dx
in  w hich Kj = F [ j ,  (1 -  k j) '5] and k i = sn (-^ p)/sn (^ p)
Case ( i i i )  The t r i p l e  s e r ie s  
00
G(x) = E (n --jb  *A c o s ( n - ^ - ) x  = 0 i b n zn=l
( 0  < x  < a)
F(x) = £ t a n h [ ( n - -r-)Att]A c o s ( .n - -r )x  = f ( x )  ( a < x < b ), l  n ln=l
G(x) = £ (n —=■) A c o s ( n - - r ) x  = 0 i z n zn=l
(b < x <  tt)
where A > 0 .
In  t h i s  ca se  (A13) shows th a t
M (x ,t) = -  "jj~ lo g
, ,Kx. , , ,Kt.sd (— ) + sd (— )
,,K x. jfK t.  sd(_r) _ sd(_ )
th e r e fo r e ,  in  v iew  o f  Lemma 1 , Cor 3 ,
P (t)  =
K cn (— ) nd (— )TT TT
7rA(t) C+f
b A(x) f  (x) s d ( ^ )
2 /Kx. j 2 ,K t. a sd (— ) -  sd (— )
dx
and
(3 .1 9 )
(3 .2 0 )
(3 .2 1 )
(3 .2 2 )
(3 .2 3 )
(3 .2 4 )
(3 .2 5 )
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where
F (x ) = <
,Kx. , 2  ,Kx. K cn (— )nd (— )
ttA i ( x )
f ( x )
K cn (— )nd (— ) 
ttA i ( x )
F i ( x ) ( 0 ,a )
(a ,b )  )
F i (x )  (b , tt)
A(x) = { [ s d 2 ( f )  -  sd 2 ( ^ ) ] [ s d 2 (S i )  -  sd 2 ^ ) ] } * 5, 
A !(x ) = { [ S d 2 ( ^ )  -  s d 2 ( ^ ) ] [ s d 2 &  -  s d 2 ^ ) ] } ^ 2 ,
Fi (x ) = C +  f
and C i s  g iv en  by th e  e x p r e s s io n
rb A (y )f  ( y ) s d ( ^ )
TT
a sd 2 ( ^ )  -  sd 2  (— )ir it
d y,
c =
2 s d ( ^ )
TT
TTKj
Kb. , K ,K t. , 2 /Kt.b —cn (— )nd (— ) 
TT TT TT
A (t) d t
in  w hich K{ = F [y , (1 -  k^)'2] w ith  k i = s d ( ~ ) / s d ( — )K a .
b A (x ) f (x ) s d (^ p )
a sd 2 (— ) -  sd 2 (— )
TT TT
,Kb.
dx
(3 .2 6 )
(3 .2 7 )
(3 .2 8 )
(3 .2 9 )
(3 .3 0 )
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4 . TRIPLE COSINE SERIES OF TYPE 4
L a s t ly  we exam ine th e  t r i p l e  s e r ie s  
00
G(x) = E ( n - y ) A nc o s ( n - - |- ) x  = 0 ( 0 < x < a )
n = l
00
F (x ) = Z  a) A c o s (n  - - | ) x  = f  (x ) (a <  x <  b)
n = l
G(x) = Z  ( n - | ) A  c o s ( n - ^ ) x  = 0 ( b < x < i r ) ., z n zn = l
G(x) ta k es  th e  form
G(x) = H[ (b -x ) (x -a )  ]p (x )  (0<x<T T )
th e r e fo r e
and
where
A (  ^  2A = (n -  t t )  —n 2 IT
b i
p ( t ) c o s ( n  -  t  d t (n £ 1 )
a
i  fbF (x) M ( x ,t ) p ( t )d t  (0 <  x < tt)
 ^a
00
M (x ,t) -  2  Z wn (n - 2 ') c o s (n --^ -)x  c o s C n - ^ t
n = l
I t  fo l lo w s  th a t  ( 3 .4 .1 )  i s  s a t i s f i e d  i f  p ( t )  i s  g iv en  by th e  in t e g r a l  
eq u a tio n
b
M ( x ,t ) p ( t ) d t  = f ( x )  ( a < x < b )  .
a
Case ( i )  Here we exam ine th e  t r i p l e  s e r ie s
G(x) = Z  ( n - ^ A  c o s ( n - |r ) x  = 0 ( 0 < x < a )
n = l
OO
F (x) = E A co s(n --^ -)x  = f ( x )  ( a < x < b )
i n 4n =l
00
G(x) = Z  (n -^ A j jC o s C n - - |)x  = 0 ( b < x < n )  .
n = l
(4 .1 )
(4 .2 )
(4 .3 )
(4 .4 )
(4 .5 )
(4 .6 )
(4 .7 )
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By (A12) we f in d  th a t
M (x ,t) = lo g
x  t  s e c y +  s e c y
x t  s e c y  -  s e c y
th e r e fo r e  by Lemma 2 , Cor 1,
P ( t )  =
t .  t  se c y ta n y
2A(t)
b f ' ( x ) A ( x ) s e c y d x
2 x  2 t  a sec  y  -  s e c  y
C - TT
where
and
k r  \ r / 2 b 2 X. , 2 X 2 ~ \h -
,  A(x) = i ( s e c  y - s e c  y ) ( s e c  y  -  s e c  y )  i
2 b se c  y
P
■b f  (x) secy ta n y d x  s e c y ■b sec y ta n y d t
2 K i  Kj A(x) ' ttK 'a a A (t)
a
K i  = F ( y , k j )  ; K ’ = F [ y ,  ( 1  -  k 2 ) ^ ] ; k x
s e c y  
b '
s e c y
Furtherm ore,
2  x  2  ta s e c  y  -  sec  y
where
F' (x ) = <
x^ x  
(  s e c y ta n y
2 A i(x )
f ' ( x )
F1 (x) ( 0 ,a )
(a ,b )  >
x„ x  se c y ta n y
2A i(x ) F i(x )  (b , tt) y
F i(x )  = C - y
b f ' ( y ) A (y ) s e c y d y  
a s e c 2 ^  -  s e c 2 y
and
A i(x )  = { ( s e c 2 -  s e c 2 77) ( s e c 2 tt -  s e c 2 y )  } 2.
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Case ( i i )  The t r i p l e  s e r ie s  
00
G(x) = Z ( n - j ) A n c o s ( n - - |- ) x  = 0 ( 0 < x < a )
n=l
00
F (x) = Z tanh[ (n--|-)XTr]Anc o s (n  -  j ) x  = f ( x )  ( a < x < b )  
n=l
G(x) = Z ( n - y ) A n c o s ( n - j ) x  = 0 (b<x<T T ).
n=l
From (A14) we o b ta in
M (x ,t)  = lo g
.Kx. ,K tN n c (— ) + n c ( — )
,Kx. .Kt.nc (— ) -  nc (— )7r TT
whereupon p ( t )  i s  g iv en  by Lemma 2 ,  Cor 1 to  be
and
P( t )  =
,K t. , -Kt,
K tn (— )d c (— ) 
7rA(t) C -
b f ' (x )A (x )n c (— )dx
F 2 /Kx. 2 /K ts a nc (— ) -  nc (— )TT TT
F '(x )  = <
K tn ( ~ )  dc (~r) TT TT
ttAi (x)
f ’ (x)
V  *- /■ Kx\  j  /Kx.K tn (— )d c (— ) TT TT
F i(x )  (0 ,a )
ttAi (x)
(a ,b )  f
F i(x )  (b jTt)
I
where
A(x) = {Cnc2 ( ^ )  - n c 2 ( f ) ] [ n c 2 ( f )  - n c 2 ^ ) ] } ^ ,  
Ai (x) = { [ n c 2 f t  -  n c 2 f t  ] [ n c 2 f t  -  n c 2 f t  ] } k ,
(4 .1 5 )
(4 .1 6 )
(4 .1 7 )
(4 .1 8 )
(4 .1 9 )
(4 .2 0 )
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K nc 2 C?>
c =
ttKjKJ
b f  (x ) tn  (^jr) dc ( ^ )  dx
„ Z G d
2 K n c A_____  TT
7T2K{
b tn (^ p )d c (^ -)d t  
„ A (t)
b f ' (x)A (x)nc(^ jp)dx
2 /Kxn 2 yKt. a nc (— ) -  nc (— )ir tt
and
F i(x )  = C - f
f 1 ( y )A (y )n c ( ^ )d y
a nc 2  ( ^ )  -  n c 2 (— )TT TT
,Ka. n c (— )TT J T  «  U  11 <- V t t  '
w ith  Kj = F C ^ .k jl; K ;=  F l | , ( l - k 2 ) 2] ;  kf  = -----   .
n c (— )
tt
Case ( i i i )  The t r i p l e  s e r i e s
G(x) = Z ( n - 4 ) A  c o s ( n - 4 ) x  = 0 . 2  n 2n = l
( 0  < x  < a)
F (x ) = Z cothC (n -  -r-)Xir]A c o s (n -^ r )x  = f ( x )  ( a < x < b )  , z n 2n = l
G(x) = Z (.n --j)A nc o s ( n - ^ - ) x  = 0 
n=l
(b < x  < ir) .
In  t h i s  c a s e  by (A16)
M (x ,t)  = lo g  
A gain we f in d  by Lemma 2 ,  Cor 1 th a t
d c ( ^ ) + d c ( ^ )  TT TT
d c ( f ) - d c ( f )
k ,2 K 1 1 1 (7 )1 1 0 (7 )________ TT TT
irA(t)
,K t.
p ( t )  = c - f
b f ' (x) A (x ) dc ( ^ )  dx
a d c2 (— ) -  d c 2 (— )TT TT
and
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(  k ,2 K t n f e n c f eTT TT .
^  ” Fi w  ( 0 ’a)
F ' (x ) = < f ' (x)
, , 2 „  ,  ,Kx, .Kx. k ' K t n ( — )n c (— )TT IT
trA1 ( x ) Fj Cx )
(a ,b )
(b,TT)
where
AGO = { Cdc2 C ~ )  -  dc2 ( ^ )  ]Cdc2 (^r) -  dc2 ( ^ )  ]
Ax (x ) = { [ d c 2 ( f )  -  d c 2  C ^ ) ] [ d c 2  ^ f )  -  d c 2 ( ^ )  l } h ,
C =
k ,2K d c 2 O^ jjr) rb f  (x ) tn  (y )n c (^ jr )d x  
^  \ AGO"TTK,
2 k ’ 2K d c ( ^ )  rb tn  C ~ )n c  C^ jp) d t rb f ' (x )A (x )d c ( ^ )d x
+ F k j  I ‘
1 J f AGO „ , 2 /Rx. , 2 /K t,a dc (— ) -  dc (— )TT TT
’ V * )  -  c - f j
b f ' ( y )A (y )d c (^ )d y  
a d c2 ( f ) - d c 2 ( f )  ’
Ki = F E y jk j], Kj = F [ | , ( l - k 2 )'2] and \
d c ( ^ )TT
 ^ /•^b. d c(— ) TT
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APPLICATION TO TORSION
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1. INTRODUCTION
The to r s io n  o f  c y l in d r ic a l  b a rs  i s  a c l a s s i c a l  problem . S o k o ln ik o ff  
[ 1 2 ] ,  fo r  exam ple, p ro v id es  an e x c e l l e n t  in tr o d u c t io n  to  th e  u n d er ly in g  
th eo r y  o f  l in e a r  e l a s t i c i t y  and a good h i s t o r i c a l  sk e tc h .
The problem co n sid ered  i s  th a t  o f  a c y l in d r ic a l  b a r , whose g en er a to rs  
are p a r a l l e l  to  th e  z - a x i s .  One end o f  th e  c y lin d e r  i s  f ix e d  in  th e  p la n e  
z = 0 w h ile  th e  o th er  end a t z = L i s  su b jec te d  t o  a co u p le  T =Tk.  The l a t e r a l  
su r fa c e  i s  s t r e s s  f r e e .
Coulomb (1 7 8 4 ) in  s tu d y in g  to r s io n  o f  th in  w ir e s ,  u s in g  a symmetry 
argument, s ta te d  th a t  p la n es  normal to  th e  z - a x i s  rem ain p la n e  and a r e  m erely  
r o ta te d . The amount o f  r o ta t io n  b ein g  p r o p o r t io n a l to  th e  d is ta n c e  o f  th e  
p la n e  from z = 0 . I t  i s  r e a d i ly  shown th a t  t h i s  assum ption  can o n ly  hold  
tr u e  fo r  c ir c u la r  c y l in d e r s .  S a in t-V en an t (1855) made th e  n a tu r a l m o d if ic a t io n  
o f  t h i s  assum ption:
a l l  p la n e s  normal to  th e  z - a x is  a re  r o ta te d  an amount p r o p o r t io n a l to  z 
and a l l  are  warped in  th e  same way.
I f  uz d en o tes  d isp la cem en t in  th e  z - d i r e c t io n ,  th en  th e  assum ption  i s  
uz = ot(f)(x<',y) where a  i s  th e  amount o f  t w is t  in  r a d ia n s  per u n it  le n g th . The 
fu n c tio n  <j) i s  som etim es c a l le d  th e  warping fu n c t io n .
By b a la n c in g  moments about th e  z - a x i s  we fin d  a = T / D  where D, th e  
t o r s io n a l  r ig id i t y ,  i s  given in  term s o f  an in t e g r a l  over th e  c r o s s - s e c t io n a l  
area  o f  th e  c y lin d e r  and y th e  sh ear m odulus, a m a te r ia l  param eter.
The T orsion  problem s in  th e  fo llo w in g  s e c t io n s  d e a l w ith  c y l in d e r s  which  
co n ta in  cra ck s  which run th e  le n g th  o f  th e  c y l in d e r  O i z ^ L .  In th e  c a s e  o f  
in t e r n a l- cr a ck s  i t  w i l l  be shown th e  problem red u ces  to  th e  t r i p l e  s e r i e s  o f
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ch ap ter  2 or 3 . The q u a n t i t ie s  o f  p h y s ic a l  i n t e r e s t ,  th e  s t r e s s  i n t e n s i t y  
f a c t o r s  and th e  t o r s io n a l  r i g i d i t y  are  c a lc u la t e d .
In th e  c a s e  o f  edge c r a c k s , co rresp o n d in g  d u a l s e r ie s  occu r and a re  
s o lv e d . The cra ck  s t r e s s  in t e n s i t y  fa c to r  and t o r s io n a l  r i g i d i t y  o f  th e  
c y lin d e r  a re  a g a in  found.
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2. TORSION OF A HOLLOW CIRCULAR CYLINDER CONTAINING A 
SYMMETRIC ARRAY OF RADIAL CRACKS
In c y l in d r ic a l  p o la r  c o o r d in a te s  ( r , 0 , z )  th e  c y lin d e r  i s  g iv e n  by 
0 < Ri < r :£ R2 < °°; O < 0 < 2 t t ;  0 < z £ L, w h ile  th e  c r a c k s , which l i e  on th e  
r a d i i  0 = 2kir/N (.k= 0 , 1 , 2 , . . .  ,N - 1) and run th e  le n g th  o f  th e  c y l in d e r ,  a re  
determ ined  by th e  r e la t io n  A < r i B .  We d e a l w ith  th r e e  c a s e s :  Case ( i )  in
which R j < A < B < R 2 , ca se  ( i i )  in  w hich Ri, = A < B < R2 and c a se  ( i i i )  in  which  
Ri < A < B = R2 :F igs.. 11 ,2 . In each c a s e  th e  end z = 0 i s  f ix e d  in  th e  ( r , 9 )  p lan e  
w h ile  th e  end z = L i s  a c ted  upon by a co u p le  Tk w hich produces in  th e  
c y lin d e r  a t w is t  o f  a  ra d ia n s  per u n it  le n g th . The d isp la cem en t f i e l d  i s  
g iv en  by
ur = 0 , Uq = a r z , uz = a<j)(r,0 ) ( 2 . 1 )
and th e  n o n -zero  s t r e s s e s  by
a = y a | ^ , a fl = M ( | f  + r 2) ,  ( 2 . 2 )rz  3r 0 z r  90
where y i s  th e  sh ear modulus, and we f in d  from equ ilib ru um  eq u a tio n s  th a t  cj)
must s a t i s f y  L a p la c e 's  eq u a tio n
| ! | - + 1 3 4 + 4 ^ 1 - 0 .  ( 2 . 3 )3r r 9r r 2 90z '
In a d d it io n ,  a =  T/D where D, th e  t o r s io n a l  r i g i d i t y ,  i s  given  by th e  in t e g r a l
D = y c | | + r 2 ]rdrd0 ( 2 . 4 )
A
A b e in g  a c r o s s - s e c t io n  o f  th e  c y l in d e r .
By symmetry i t  i s  c le a r  th a t  th e  problem  red u ces to  th a t  o f  s o lv in g  th e
p a r t ia l  d i f f e r e n t i a l  eq u a tio n  ( 4 . 2 . 3 )  in  th e  domain V  =  {( r , 0 )  : R i < r < R ? ,
O < 0 < i r / N }  s u b je c t  to  th e  fo l lo w in g  boundary c o n d it io n s :
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HOLLOW CIRCULAR CYLINDER CONTAINING A SYMMETRIC ARRAY 
OF RADIAL CRACKS UNDER TORSION (CASE i )
FIGURE 1
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(Case i ) (Case i i )
(C ase i i i )
CROSS-SECTIONS OF THE THREE CASES OF A HOLLCW CIRCULAR 
CYLINDER CONTAINING A SYMMETRIC ARRAY OF RADIAL CRACKS
FIGURE 2
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1. | f ( R i ’0)  = f f ( R z ’ e )  = 0 ( 0  < 0 < tt/N)
2 . <j>(r,ir/N) = 0 (R i < r  < R2)
and , in  c a s e  ( i ) ,
3 .(i)  
in  c a s e  ( i i ) ,
<j>(r,0) = 0 (Ri < r < A) u (B < r < R2)
- | | ( r , 0 )  = - r 2 ( A < r  <B )
3 , ( i i )  | | ( r . O )  = - r 2 (R i < r  < B)
in  c a s e  ( i i i ) ,
cf)(r,0 )  = 0  (B < r  < R2)
cj>(r,0) = 0 ( R i < r < A )
3 . ( i i i )  | | ( r , 0 )  = - r 2 (A < r < R~)
^  - P ( r , 0 ) = 0r->R2- 3r ’
U sin g  th e  method o f  s e p a r a t io n  o f  v a r ia b le s  we s e e  th a t  th e  fu n c tio n
oo Sinh(— [— _ 0  ])
............................. N0. . - 1 .  n n i R LN J; ,m r . r „«|.(r,0) = A0 ( l - T ) + I n  An— z— - c o s ( T l o g — ) ,  ( 2 . 5 )
n= 1 sm h (— )
in  w hich R= lo g (R 2 / R i ) ,  s a t i s f i e s  eq u a tio n  ( 4 . 2 . 3 )  and th e  f i r s t  two 
boundary c o n d it io n s .  Furtherm ore,
OO
<f>(r,0) = A0 + I n ^ c o s ^  l o g - j - )  ( 2 . 6 )
n= 1
and
NA 00 2
f f ( r , 0 )  = — I | A n c o t h ( ^ - ) c o s ( ^ l o g ^ ) .  ( 2 . 7 )
n= 1
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TT IT TT AT h e re fo re , on making th e  change o f  v a r ia b le s  x = —lo g (— ) ,  a = —lo g (——)
R K i K K i 9
b ^ l o g C j j ) , = liX and e 2^ 11, we o b serv e  th a t  th e  th ir d
r i 00boundary c o n d it io n  i s  a l s o  s a t i s f i e d  i f  th e  seq u en ce (A i s  g iv e n  by:
Case ( i )  The t r i p l e  s e r i e s
00
G(x) = A +  I  n \  c o s n x  = 0  ( 0 <  x<  a)O' , nn= 1
OO
F (x) = to Aq + E A coth (.m rX )cosn x = f ( x )  ( a < x < b )  ( 2 . 8 )
n= 1
00
G(x) = A. +  E n  \  c o s n x  = 0 (b < x< tt) .
- i nn = l
Case ( i i )  The d u a l s e r ie s
i) = co A„ + E A coth(m rX )cos n x  = f ( x )  (0 <  x< b) o 0 *» nn = l
00
G(x) = A. +  E n \  c o s n x  = 0 (b  < x< it),  n n = l
w ith  lim  dG(x) = 0 . 
x-*>-0 "b dx
Case ( i i i )  The d u a l s e r i e s
00
G(x) = An +  I n  dA c o s n x  = 0  (0 <  x< a)
n = l
CO
F (x) = to A„ +  I  A coth(mrX) c o s n x  = f ( x )  (a  < x< ir) o ® , nn= 1
a
( 2 . 9 )
( 2 . 10)
w ith  l im  dG(x) = 0 . 
x ->tt-  dx
Case ( i )  Let
rb
t p ( t ) d t  ( 2 . 1 1 )
b
p ( . t ) s i n n t d t  (n ^  1 ) ( 2 . 1 2 )
a
where
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p ( t ) d t  = 0 . ( 2 .1 3 )
Then eq u a tio n s  ( 3 . 1 . 4 )  and ( 3 . 1 . 2 0 )  through  ( 3 . 1 . 2 5 )  g ive
G(x) = H [ (b -x ) (x -a )  ] p ( t ) d t (2 .1 4 )
P ( t )  = "A(T)'{l Csn2 (JF ) +  sn 2 (:T )  ~ 2 sn 2 ( ^ ) ]  +  F i ( t ) }
and
r 2 /  Kb  ^ * , 2 /Ka. « 2 /Kx\ ~i . r* / \-jLsn C— ) +  sn .(— ) -  2sn  (— ) ]  + F i(x )
A i(x )
F (x ) = <
where
f ( x )
Br 2 / Kb  ^ , 2/Ka.  » 2 / Kx. -i „  . .
“ Y n Mr"' C— ) - 2 s n  (— ) ] - F i ( x )
aTo o
( 0 ,a )
( a , b )
(b  , tt)
a t  \  r r 2 / Kbn 2 /K x s  -ip 2 / K x .  2 / K a .A(x) =. { [ sn (— ) -  sn (— ) J [sn z (— ) -  sn z (— ) ]> %
a /  a r r  2 , Kb* 2 /KXv -ir 2 yKa. 2 ,Kx.. Ai ( x )  = { [s n  (— ) ~ sn z (— ) ] [ s n z (— ) -  sn z (— ) ] } z,
rb A ( y ) s n ( ^ )c n ( -^ ) d n ( -^ )d y
F i ( x )  = C - 2K
w f ( y ) -
TT TT IT
2 /Ky. 2 /Kx.sn ( — ■-) -  sn (— ) IT IT
( 2 . 1 5 )
( 2 . 1 6 )
( 2 . 1 7 )
( 2 . 1 8 )
( 2 . 1 9 )
( 2 . 2 0 )
and Z(z)  i s  J a c o b i 's  Z eta fu n c t io n . The c o n s ta n ts  B and C a re  o b ta in ed  by  
s u b s t i t u t in g  ( 4 . 2 . 1 5 )  in t o  ( 4 . 2 . 3 )  and ( 4 . 2 . 2 0 ) .
S tr e s s  I n t e n s i t i e s  The s t r e s s  i n t e n s i t y  fa c t o r s  k^ and kg a t  th e  cra ck  t i p s  
r = A and r = B r e s p e c t iv e ly  a r e  d e fin e d  by th e  r e la t io n s
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! 3u
k = y l i m { 2 ( r - A ) ~ k ~ ( r ,0)  
A r->A+ 9r
and
j 3u
kr = -y  l im { 2 (B -r ) } 'S -?-^ (.r ,0 ), 
B r->B- 9r
In  v iew  o f  ( 4 . 2 . 1 )  and ( 4 . 2 . 1 4 )
Rx Ra
kA = ^rF  lim {2 R i( .e ir - e 1T)} 'Sp (x )  
x->-a+
Rb Rx
kg = l im { 2 R i( e 1T -  e 17 ) }^ p (x) .
x-*-b-
By ( 4 . 2 . 1 5 )  th e s e  become
. - y u a ( | [ s n 2( ~ ) -  sn 2( ~ )  ] + F i ( a )  }
A {KRA s n ( % c n ( ^ ) d n ( ^ ) [ s n 2A  -  sn 2^ ) ] } ^ir 7T
y 7ra{- | [ s n 2( ^ )  -  sn 2( - ^ )  ] + F i ( b ) }
^  {KRB s n ( ^ ) c n ( ^ ) d n ( ^ ) C s n 2 A - s n 2 ( ^ ) ] } %
T o r s io n a l R ig id i t y
T 1
a a ra ^ d A  = y ("Iq +  r 2 )rd rd 0 .
By symmetry ( 4 . 2 . 2 7 )  becomes
D = D -  2yN o
■B
r<j>(r,0 )d r
where
Dq = ^ ( R a  - R i )
i s  th e  t o r s io n a l  r i g i d i t y  o f  an uncracked c y l in d e r .
7F 1COn changing v a r ia b le s  to  x=Tr;log(—- )  we o b ta inK. Kl
( 2 . 21 )
( 2 . 22)
( 2 . 2 3 )
( 2 . 2 4 )
( 2 . 2 5 )
( 2 . 2 6 )
( 2 . 2 7 )
( 2 . 2 8 )  
( 2 . 2 9 )
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D= DQ+yNRi
2RE 
e  11 p ( t ) d t .
Case ( i i )  Let
A  =  - -  0 TT t  p( t ) d t
0
th en
An ir p ( . t ) s in n t  d t ( n i l )
0
G(x) = -H (b -x ) p ( .t ) d t . ( 0  < x  < tt)
Note th a t
and so  we r e q u ir e
= H (.b-x)p(x)
l im  p (x )  = 0  . 
x>0 +
S u b s t itu t io n  o f  ( 4 . 2 . 3 1 )  and ( 4 . 2 . 3 2 )  in to  th e  f i r s t  eq u a tio n  o f  ( 4 . 2  
shows th a t  p (.t) must s a t i s f y  th e  s in g u la r  in t e g r a l  eq u a tio n
,2 K  .K t. , Kt Nj ,K t. b — sn(— ) cn (— ) dn(— )TT TT Mr TT
_ 2 /K t. 2 /- Rx.o sn C— ) -  sn (— )
p ( t ) d t  = B -  f ( x )  ( 0 , b )
where
ir [o)o t + - ^ z ( ^ ) ] P( t ) d t .
The s o lu t io n  o f  ( 4 . 2 . 3 6 )  s a t is fy in g :  ( 4 . 2 . 3 5 )  i s  (T ricom i [ 8 ] ) ,
( t )  = [ B + _ F i ( t ) ]  
A(t)
where
A(t)  =
I  2 / Kbs 2 / Kt % Isn  (— ) -  sn ( — ) }
sn(Ji£)TT
( 2 . 3 0 )
( 2 . 3 1 )
( 2 . 3 2 )
( 2 . 3 3 )
( 2 . 3 4 )
( 2 . 3 5 )  
. 9)
( 2 . 3 6 )
( 2 . 3 7 )
( 2 . 3 8 )
( 2 . 3 9 )
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and
„ rb A (x ) sn C“ ) cn (^ -) dn ( ^ )„ \ 2K f Mr i r  it  ^ ,
1 ( t )  '  ^ J n  ------  WJ 0  sn  (— ) -  sn (— )TT TT
(2 .4 0 )
The s u b s t i t u t io n  o f  ( 4 . 2 . 3 8 )  in t o  ( 4 . 2 . 3 7 )  y i e l d s  an e x a c t  e x p r e s s io n  fo r  B 
in  term s o f  q u ad ratu res.
S tr e s s  I n t e n s i t y  ■ As in  c a s e  ( i )  we f in d  th a t
, -ITTTa . .
B = .IB - x-*-b
2 R
Rb Rx
/  TT TT \
(*  - * . }
p ( x ) .
S u b s t i tu t io n  o f  ( 4 . 2 . 3 8 )  in t o  th e  above y ie ld s
( 2 . 4 1 )
k = -viTTa
D
.Kb.m ( - )
KRB cn (— ) dn (— )TT TT
- ( F ^ + B ) ( 2 . 4 2 )
T o r s io n a l R ig id i t y  In  t h i s  c a s e  ( 4 . 2 . 2 7 )  red u ces to
D = D +  yNR'? o i
, 2Rt
e 17 -  1 ]p ( t ) d t (2 .4 3 )
D +i_iNR o
Tn , 2 Rt
( t ) + B ) dtA( t ) ( 2 . 4 4 )
Case ( i i i )  L et
TT
A . = -  ijp j (t-TT)p(t)dt 
a
( 2 . 4 5 )
and
A = -  -n TT p ( t ) s i n n t  dt . ( 2 . 46 )
Then
G(x) = H (x-a ) f p ( t )d t  (0 < x  < tt)
i a
( 2 . 47 )
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and so  th e  th ir d  eq u a tio n  o f  ( 4 . 2 . 1 0 )  w i l l  be s a t i s f i e d  i f
l im  p (x )  = 0 .
In  a s im ila r  fa s h io n  to  ca se  ( i i )  we f in d  th a t  p ( t )  must s a t i s f y
2K ,K ts , Kt. . ,K t
77 ,  xT sn (' F )cn (~ )d ll(T )
P ( t )  — z z  - d t  = B -  f ( x )  (a,IT)
sn (—±1) -  sn  (— )TT TT
s u b je c t  to  ( 4 . 2 . 4 8 )  where
B = - - f  pC t){w  C t-T r )+ 4 r Z (-? )> d t.TT I O TT TT
J  a
Hence we f in d  th a t
P (t)  = { F j ( t )  -  B } /  A(t )
where
FlCt)  - f
tt A (x) s n ( ^ )  c n ( ^ )  d n ( ^ )
— ^ f ( x ) d x  a sn (— ) -  sn ( — )TT IT
and
A(x) = { s n 2( ^ )  -  sn 2 ( ^ ) } / c n ( ^ )  
and B i s  determ ined  by s u b s t i t u t in g  ( 4 . 2 . 5 1 )  in t o  ( 4 . 2 . 5 0 ) .
S t r e s s  I n t e n s i t y
Rx Ra
\  = "rT  lim ,t 2RiCe 77 -  e 11 ) }**p(x) 
x-^ -aH-
= » c %  h
-  y m ( F i ( . ) - B ) <  .
|KRA sn(— )dn(— )
T o r s io n a l R ig id i t y  As in  th e  p rev io u s  c a s e s  we fin d
( 2 .4 8 )
( 2 . 4 9 )
( 2 . 5 0 )
( 2 . 5 1 )
( 2 . 5 2 )
( 2 . 5 3 )
( 2 . 5 4 )
( 2 . 5 5 )
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3.  TORSION OF A RECTANGULAR BAR WITH TWO CRACKS
We d e a l in  t h i s  in s ta n c e  w ith  th e  to r s io n  o f  a re c ta n g u la r  b a r , which  
i s  d escr ib ed  by th e  in e q u a l i t i e s :
- tt< x < tt; -Xtt < y  <  Att ; 0 £ z < L .
The bar co n ta in s  two c r a c k s , sy m m etr ica lly  p la c e d  a t  a <  |x |  < b  on y = 0  and 
th e y  run th e  le n g th  o f  th e  c y lin d e r  in  th e  z - d i r e c t io n .
We d e a l w ith  two c a s e s ,  F ig s .  [ 3 , 4 ] :
Case ( i )  0 < a <  |x | < b  <tt
Case ( i i )  0 < a < | x | < b  = TT
The to r s io n  o f  th e  bar i s  c a r r ie d  out in  th e  manner p r e v io u s ly  d e sc r ib e d  in  
§1 .
I f  th e  d isp la cem en t in  th e  ( x , y , z )  d ir e c t io n s  are  g iv en  by (u ,v ,w )  
r e s p e c t iv e ly ,  th en  th e  se m i- in v e r s e  method o f  S a in t-V en an t g iv e s  us
u = -a z y ;  v  = a zx ; w = a \p (x ,y ) ( 3 . 1 )
from w hich th e  n o n -zero  s t r e s s e s  are g iv e n  by
a = y a ( - y + |^ ) ;  a  = y a ( x + |%  ( 3 . 2 )xz 9x yz 3y
where y i s  th e  sh ea r  m odulus. The eq u ilib r iu m  eq u a tio n s  are s a t i s f i e d
p ro v id ed
32i|j d z \jj
d x 1 ' *  Sy2 ” ° ’ ( 3 ' 3)
and th e  t o r s io n a l  r i g i d i t y  i s  g iv en  by
D = y {x? +  y 2  + x |^- -  y ||-}d x d y  ( 3 . 4 )
= -y  J (x^ + x 2y)d x + (y i j j -y2x)dy ( 3 . 5 )
9A
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ATT
- I T
-b -a
- A n
(Case i )
TT
y ,
ATT
-a a TT
-ATT
(Case i i )
CROSS-SECTIONS OF THE TWO CASES OF A RECTANGULAR BAR WITH TWO CRACKS
FIGURE 3
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RECTANGULAR BAR WITH TWO CRACKS UNDER TORSION (CASE i i )
FIGURE 4
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where A i s  a c r o s s - s e c t io n  o f  th e  bar and 3A i t s  boundary.
By symmetry, th e  problem  re d u ce s  t o  th e  fo l lo w in g  m ixed boundary v a lu e  
problem s:
P .D .E .. V2ip = 0 (0 < x  < tt; 0 < y < Air) ( 3 .6 )
Boundary C o n d it io n s :
1. iJj( 0 , y) = 0 ( 0  S y < Air)
2 • | | ( 7r ,y ) = y (0<y<A T r)
3* - |^ (x ,Att) = - x  (O^x ^ tt)
and, in  c a se  ( i ) ,
iK x ,0 ) = 0  ( 0  < x.< a)
4 .( i)  - |^ ( x , 0 ) = - x  (a  < x < b)
iK x ,0 ) = 0  (b < x  < Tr)
and, in  c a s e  ( i i ) ,
^ ( x , 0 ) = 0  ( 0  < x<  a )
4 . ( i i )  - |^ (x ,0 )  = - x  ( a < x < ir )
l im  -|^ -(x ,0 ) = 0  
. - o xx»ir
The w arping fu n c t io n  ip i s  o b ta in ed  by su perim p osin g  th e  s o lu t io n s  o f  th e  
fo l lo w in g  two problem s.
Problem  1 . (Uncracked Bar)
P .D .E . V2 (j> = 0 (0 <x  < tt; 0 < y < Air) ( 3 .7 )
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B .C .’ s
1 .
2 .
3 .
4 .
<}>0 (O ,y ) = 0 ( 0  < y < Xtt)
9x
9<j) 0
3y
= y ( o < y < X 7r) 
( x ,Xtt) = - x  (0 < x< tt)
<J) ( x ,0 )  = 0 (0 < x < tt).
The s o lu t io n  o f  t h i s  problem  i s  w e l l  known, ( e . g .  S o k o ln ik o ff [1 2 ] )  and i s  
g iv e n  by
and
4  °° ( - 1) s in h (n  —^)y  1
<p ( x ,y )  = x y  + -  Z   ip:-----------------    s in (n --= -)x
0 n= 1 (n - -^ )  c o s h [ (n - -^ X t t ]
«  tan h (n  )Xtt „
D°  = — n ------------- 3n= 1 ( n - —)
where DQ d en o tes  th e  t o r s io n a l  r i g i d i t y  o f  th e  uncracked bar. 
F u rth er , we n o te  th a t
9y ( x ,0 )  = x + — ZTT
( - 1)
n
n= 1 (n  --jr) 2 c h [ (n  -4-)Xtt]
• t  ^s m ( n  —2 >x
( 3 .8 )
( 3 .9 )
( 3 .  10)
Problem  2 .
P .D .E .
B .C . ' s
1 .
2 .
3 .
V2 <j) = 0 ( 0 < x < tt; 0 < y <  Xtt)
<J>(0,y) = 0
9x
9(f>'
9y
( tt ,y) = 0
x,Xtt) = 0
(0  < y < Xtt ) 
(0  < y < Xtt )
(0  < x < tt).
( 3 .  11)
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an d , Case ( i )
<j>(x,0) = 0 (0 < x <  a )
4 ( i )  | |C -  ,0 )  = - f ( x )  (a < x <  b)
t|)( x ,0 )  = 0 (b < x  < tt)
Case ( i i )
where
cj>(x,0) = 0 ( 0 < x < a )
- |^ (x ,0 )  = - f ( x )  (a < x < ir)
l im  y | ( x , 0 )  = 0
x*n""
oo r»
A  v _________ ( - D _______  i-f ( x )  = 2 x + — E ------- --------------------- =-------- s i n ( n - y ) x  . (3 .1 2 )
n= 1 ( n ~ y ) 2  cosh  (n  -y )A ir
By s e p a r a t io n  o f  v a r ia b le s  we se e  th a t  th e  fu n c t io n
00 . cosh r(n  -y ) (A ir  -  y )  ] ,
<f>(x,y) = E ( n - y )  A --------------------:  s i n ( n - y ) x  (3 .1 3 )
n = l n c o s h (n -y )A ir
s a t i s f i e s  L a p la c e 's  eq u a tio n  and boundary c o n d it io n s  1, 2 ,  3 .
Furtherm ore,
00
< p ( x , 0 )  = G(x) = E ( n - y )  A^ns i n ( n - y ) x  (3 .1 4 )
n= 1
and
- |^ (x ,0 )  = -F (x )  = -  E Ant a n h C ( n - y ) A ir ] s in ( n - y ) x  . (3 .1 5 )
n= 1
Thus, boundary c o n d it io n  4 red u ces to
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Case ( i )  The t r i p l e  s e r ie s
G(x) = £ ( n - - r )  A s i n ( n - 7 r)x = 0, z  n Zn= 1
00
F (x ) = £ A ta n h [(n -4 - )A ir ]s in (n —^)x = f ( x ). n z  zn= 1
G(x) = £ ( n - 4 )  A^ s i n ( n - 4 ) x  = 0
n= 1 n
( 0  < x < a) 
(a  < x < b) 
(b  < x  < ir)
Case ( i i )  The d u a l s e r ie s
G(x) = £ (n  -  —) A s m (n --= -)x  = 0  ( 0 < x < a ). Z n 2n= 1
00 1 1
F ( x )  = £ A ta n h [(n --r )A iT ]s in (n —r - ) x  =  f ( x )  ( a < x < T T )  n z zn=l
and l im  = 0  Axx-HT
Case ( i )
These are  th e  t r i p l e  s e r ie s  o f  Chapter 2 , §3 and we f in d  th a t
rb
A = -  
n  tt
p (  t ) c o s ( n  - - j j ) t  d t
where
K t n ( S ) d c < ^ >
P ( t ) -----------ffi (Tj------  F l ( t )
A /  . \  r 2 /  K b  v 2 /  R t  * - ip  2 /  K t  v 2 /  K s  v 11 ^A (t) = { [n c  (— ) - n c z(— )] [n c ^ (— ) - n c z (— ) ] } z
Fx( t )  = C + -
b A (y ) f (y ) n c ( -^ )d y
2 /K y. 2 ,K tv  a n c  (—r-) -  nc (— ) TT TT
and C i s  g iv e n  by
C =
2 n c ( — )  
TT '
TTK’
Kb. , K , K t. , ,Kt,•b — tn (—  )d c '(— ) d t
TT TT TT
A (t)
b A (x )f(x )n c (-^ -)d x
2/ Kt. 2 /Kx. a nc (— ) -  nc (— )
I  TT
( 3 .1 6 )
( 3 .  17)
( 3 .  18)
( 3 .  19) 
( 3 .  20)
( 3 .2 1 )
( 3 .2 2 )
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i-TTin  which K[ = F [^ , ( 1 -k ^ )2] ;  k x =
,K a, n c(— )TT
.Kb, nc (— )TT
A lso ,
G(x) = <j)(x,0) = H [ (b -x ) (x -a )  ] p ( t ) d t
and
(3 .2 3 )
.Kx. , .Rx. 
(  R tn (— )d c (— )
. ttA ^x)
-F (x )  = - |^ (x ,0 )  = < - f ( x )
v . .R x, , ,Kx, R tn (— )d c (— )
ttAj Cx)
Fx(x )  (0  < x  < a )
(a  < x  < b)
F ^ x )  (b  < x < tt)
(3 .2 4 )
C a s e ( i i )
A ga in , i f  we l e t
p ( t )c o s (n - -^ O t  d t (3 .2 5 )
then
G(x) = H [x-a ] p ( t ) d t  ( 0  < x  < tt)  . ( 3 .2 6 )
Note th a t
dG
dx = H [x -a ]p (x ) ( 0 < x < tt) . ( 3 . 2 7 )
A ls o , by s u b s t i t u t in g  ( 4 .3 .2 5 )  in t o  th e  second eq u a tio n  o f  ( 4 .3 .1 7 )  and 
u s in g  (A 14) we now f in d  th a t
F (x ) = -
TT
^ 2R ,K x , ,  .Rx, .K t, ^ ~ s n ( — )d n (— )c n (— )TT TT TT TT
2 .K t , 2 . Rx,a sn  (— ) -  sn (— )TT TT
p ( t ) d t (3 .2 8 )
and s o ,  p ( t )  must s a t i s f y  th e  in t e g r a l  eq u a tio n
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subj e c t  to
2K ,Kx. , .Kx. .Kt.
77 r^T311 ("tt-} "tT cn "tT-----------^ ^  p ( t ) d t  = f ( x )  (a  < x  < it) (3 .2 9 )
a sn 2  (— ) -  sn 2  (— )
lim  p (x )  = 0 . (3 .3 0 )
xr>7T'
The p e r t in e n t  form o f  th e  s o lu t io n  o f  ( 4 .3 .2 9 )  su b je c t  t o  (4 .3 .3 0 )  may be  
found in  T ricom i [ 8 3  and y i e l d s  in  t h i s  c a se
Kt. J .Kt. „  . ,Kx.2K sn  (— ) dn (— )TT TT
p ( t )  —
TT 6 ( x ) f  (x )cn(— )dx
2  .Kx. 2  .Kt. a sn (— ) -  sn* (— )TT TT
(3 .3 1 )
where
2 /Kt. 2 /Ka . > .Kt.
6 ( t )  = [ s n 2 ( ^ )  - s n 2 ( ^ ) ] 7 c n ( ^ - ) .  (3 .3 2 )
S tr e s s  I n t e n s i t i e s
The s t r e s s  i n t e n s i t y  f a c t o r s  and k^ a t  th e  crack  t i p s  x = a  and x  = b 
r e s p e c t iv e ly  a re  d e fin e d  by th e  r e la t io n s
and
ka = lim  /2 ( a - x )  O  2 ( x ,0 )  . (3 .3 3 )
x-*a-  yZ
k = lim  /2 ( x - b )  a  ( x , 0 ) .  (3 .3 4 )
x-Fb y
E q u iv a len t d e f i n i t i o n s  in  term s o f  th e  d i s lo c a t io n  d e n s ity  are
3w.ka = y lim  /2 ( x - a )  -g^-(x,0) (3 .3 5 )
x*a+
3w.k^ = -y  lim  /2 ( b - x )  -g^-(x,0) . (3 .3 6 )
x->b-
Case ( i )
S u b s t itu t in g  ( 4 .3 .2 )  in t o  e q u a tio n s  ( 4 .3 .3 3 )  and ( 4 .3 .3 4 )  and ( 4 .3 .2 4 )  
we o b ta in
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k = yaF ! ( a ) «
cL
K ,Ka. , ,Ka,—tn  (— ) dn (— )
TT TT TT
2 /Kbv 2 /Ka< nc (— ) -  nc (-—)
k b  =  - y a F i ( b ) <
K .Kb. , .Kb.—tn (— ) dn (-—)
TT IT TT
2 .Kbs 2 /Ka. n c (— ) -  nc (— )
TT TT
Case ( i i )
In  t h i s  ca se  ( 4 .3 .1 )  and ( 4 .3 .3 1 )  when used  w ith  ( 4 .3 .3 7 )  g iv e
i 2 y q rK .Ka. /K a ., ,KaN k = " r- fcsn  (— ) cn (— ) dn (— ) a TT IT ' t t 7 n tt tt
T o r s io n a l R ig id i t y
S in c e  ^ = (j) 0 +  (j) ( 4 .3 .5 )  becomes
-"2 fTT 6  (y) f  (y ) cn ( ^ )  dy
2 /Ky-v 2 /Ka. a sn -  sn (— )
D -  D6 - y xc|>dx +  y<f)dy
3A
where D, i s  g iv e n  by ( 4 . 3 .9 ) .  By symmetry, (4 .3 .4 2 )  y i e l d s
D = Dq -  4y{
Att
ycj)(TT,y)dy -
0
x<J>(x,Xir)dx+ xtj)(x,0 )d x } . 
0  Ja
Case ( i )
U sin g  ( 4 .3 .1 3 )  w ith  ( 4 .3 .1 6 )  and (4 .3 .2 1 )  we o b ta in  
fb
D - 0  IT P ( t )  <
00 ( - l ) n sec h [ (n--|-)ATT]cos(n
n = l ( n - | ) 3
d t
where we made u se  o f th e  f a c t  th a t p ( t ) d t  = 0 .
Case ( i i )
Here ( 4 .3 .1 3 )  cou p led  w ith  ( 4 .3 .2 3 )  and (4 .3 .2 4 )  g iv e
(3 .3 7 )
(3 .3 8 )
(3 .3 9 )
(3 .4 0 )
(3 .4 1 )
(3 .4 2 )
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D = Dq -  4y
TT C- l ) nA
p ( t ) [ i r 2  -  t 2]d t  +  2  £  t—  - ----- ---------
a n=l (n - —) coshE (n -
In  both  c a s e s  th e  u s e fu l  i d e n t i t y
I — cos  (n -  y )  t  = T ( t 2-  ir2) 
n=l ( n - y )
was u sed .
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4 . TORSION OF A RECTANGULAR BAR WITH ONE CRACK 
Our f i n a l  t o r s io n  problem  i s  th a t  o f  a r e c ta n g u la r  bar p r e sc r ib e d  by 
th e  in e q u a l i t i e s
0 < x < t t ;  -Xtt < y < Xtt ; 0 < z < L .
The bar c o n ta in s  a cra ck  lo c a te d  on y = 0  a t  a < x < b  and, a s  u s u a l ,  th e  
crack  runs th e  le n g th  o f  th e  c y l in d e r .  A gain , we d ea l w ith  both  an in t e r n a l  
and edge crack  problem . F i g s . [5 ,6 ]. T hese c a s e s  are d is t in g u is h e d  by th e  
in e q u a l i t i e s
Case ( i )  in t e r n a l  crack  0 <a  ^ x  2 b cir; y.= 0 , 0 £ z £ L
and
Case ( i i )  edge cra ck  d < a < x ^ b = T T ;  y = 0 ,  0 < z < L.
The to r s io n  o f  th e  bar i s  c a r r ie d  out in  th e  same manner a s  th e  p r e v io u s  
s e c t io n s  o f  t h i s  ch a p ter . As u su a l we d en ote  by (u ,v ,w ) th e  d isp la cem en ts  
in  th e  ( x ,y ,z )  d ir e c t io n  r e s p e c t iv e ly .  We:th en  have
TT
u = -a z y ;  v  = a z ( x  - ;  w = aijj(x,y) • (4 .1 )
The nonzero  s t r e s s e s  a re  g iv en - b y .. ■
° x z  '  p a (H - 5 ' ) ;  °yz ■ <4 -2 >
and th e  eq u ilib r iu m  e q u a tio n s  are  s a t i s f i e d  p rov id ed
= 0 ( 0 < x < tt; -Att< y < Air) . (4 .3 )
The t o r s io n a l  r i g i d i t y  i s  g iv e n  by
TD = -  = -v [ ( x - y ) i j j +  ( x - y ) 2 y ] d x + [ y ^ ; - y 2 ( x - y ) ] d y  (4 .4 )
9A
where 9A d en o te s  th e  boundary o f  a c r o s s  s e c t io n  o f  th e  b a r . The problem  
r e d u c e s , by symmetry, t o  th e  fo l lo w in g  m ixed boundary v a lu e  problem .
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RECTANGULAR BAR WITH ONE CRACK UNDER TORSION (CASE i )
FIGURE 5
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y
ATT
0
ATT
(Case i )
y
ATT
0
-A T T
(Case i i )
CROSS-SECTIONS OF THE TWO CASES OF A RECTANGULAR BAR WITH ONE CRACK
FIGURE 6
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P .D .E . V2^ = 0 ( 0 < x < ir ;  0 < y < X 7T)
Boundary C o n d it io n s :
i  • (0 ,y )  = f f . t o y )  = y (0 < y  < X tt)
2 . |^ (x ,A ir ) = ^ - x  ( 0  < x  < 7r)
and, in  c a se  ( i )
iJj ( x , 0 )  = 0  (0 < x < a )
3- ( i )  | ^ ( x , 0 ) = ~ - x  (a < x  < b)
ifj(x,0 ) = 0  ( b < x < ir )
and, in  c a se  ( i i )
3 . ( i i )  ij /(x ,0 ) = 0  ( 0 £ x < a )
| ^ ( x , 0 ) = ^ - - x  (a<x<T T )
- ox*ir 9x
The w arping fu n c t io n  ifj i s  ob ta in ed  by superim posing  th e  s o lu t io n  o f th e  
fo l lo w in g  tw o-problem s.
Problem 1 . (Uncracked Bar)
P .D .E . V2cj)0 = 0 ( 0 < x < tt; 0 < y  < Air) .
Boundary C o n d it io n s :
1 . = y  ( o < y < w
2 .  M i L ( X } ATr) =  2 . - x  ( 0  <  x  <  tt)
3y 2
3 . <j>.(x,0) = 0 ( 0  < x  < tt) .
85
(4 .5 )
(4 .6 )
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The s o lu t io n  o f  t h i s  s tr a ig h tfo r w a r d  problem i s  w e l l  known and may be 
found in  S o k o ln ik o ff  [ 1 2 ] .  We f in d
± , 8   ^ s i n h [ ( 2 k - l ) y ] c o s ( 2 k - l ) x
<j>0 (x ,y )  = ( x - ^ y  + -  ^  . ( 2 k - l )  dc o sh [ ( 2 k - l )  Att]_ ‘
N ote a l s o  th a t
00
d \ p n r  -  t  IL\ 4 . S. y c o s ( 2 k - l ) x _______
3 y '-XjU; (.x 2 ; tt k^ 1 ( 2 k - l ) 2 cosh[(2k-l)X TT ]
and th e  t o r s io n a l  r i g i d i t y  i s  g iv en  by
_ 2uttA__ 64u y tan h [ (2 k -l)X ir]  
0 3  tt ( 2 k - l ) 5
Problem 2 .
P .D .E . V2<p = 0 (0 < x < t t ;  0< y< X iT )
Boundary C o n d it io n s :
1 . = H (7r’y) = 0  (0 < y <A7r)
2 . |^ (x ,X ir )  = 0  ( 0  < x  < tt)
and e i t h e r ,
Case ( i )  <f)(x,0) = 0 (0 < x  < a)
3 . ( i )  |^ - (x ,0 )  = - f ( x )  ( a < x < b)
(f)(x,0 ) = 0  (b < x  < tt)
o r ,
Case ( i i )
<j>(x,0 ) = 0  ( 0  < x  < a )
3 . ( i i )  |^ - ( x , 0 ) = - f ( x )  ( a < x < x )
^ b . O )  -  0
X-HT- 9 x
(4 .7 )
(4 .8 )
(4 .9 )
(4 .1 0 )
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where
f ( x )  = 2 x - tt+ — E--------- c o s ( 2 k—l ) x ----------
w  zx  tt k^ ( 2 k - l ) 2 co sh [ ( 2 k -l)X ir] ’
By s e p a r a t io n  o f  v a r ia b le s ,
00 A cosh[n(AiT-y) ]
4>(x,y) = A0 +  s - 5 _ _ _ ------ c o s n x
n=l
s a t i s f i e s  th e  P .D .E . and boundary c o n d it io n s  1. and 2 . S in ce
00
cf>(x,0) = AQ + E n A c o s n x  
n=l
and
00
•|^-(;x,0) = -  £ A tanh(nAiT)cos nx 
y n=l
we s e e  th a t  boundary c o n d it io n  3 . red u ces  to
Case ( i )  The t r i p l e  s e r ie s
00
G(x) = A. +  E n ?"A c o s  nx = 0 (0 < x  < a)
0 i nn =l
F (x ) = £ A tanh(nXTr)cosnx = f ( x )  ( a < x < b )  
n = l n
°° - 1G (x) = A +  E n A c o s  nx = 0 (b < x  < ir)
0 i nn=l
or
Case ( i i )  The d ual s e r i e s
G(x) = A +  £ n A c o s n x  = 0  (0 < x  < a)
0 n n =l
F (x) = E A tanh(nX ir)cos nx = f ( x )  ( a < x < ir )  
n=l n
and
lim  dG, . „_T ~uO  = 0 .X-HT dx
(4 .1 1 )
(4 .1 2 )
(4 .1 3 )
(4 .1 4 )
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Case ( ! )
These are  th e  t r i p l e  s e r i e s  o f  Chapter 3 §1 and th e r e fo r e  we f in d
■A° TT
b
tp  ( t ) d t
A = -  -n tt p ( t ) s i n n t d t
where
K n c (^ )d c (^ - )
P ( t )  = ttA ( t ) ----------F lC t)
F i ( t )  = C +  f
b A (x ) f (x ) tn (^ p )d x  
. 2 /K x .  ^  2 /K txa t n '  (— ) -  tn  (— )TT TT
A (t)  = { [ t n 2 ( ^ )  - t n 2 ( % ] [ t n 2 ( ^ )  - t n 2 ^ ) ] } * 5
and
C = -
2Ktn ( ~ )TT
TT2 K'
, /Kt ,Kt.
b n c (— )d c (— ) 
„ M t)
d t
b A (x )f  (x )tn (^ p )
2 ,Kx. 2  /Kt. a t n 2 (— ) -  tn 2  (— )
dx
' TT ' TT
Ka. /Kb.where Kj = F [y , (1 -k 2) ] ,  k 1 = tn (— ) / t n ( — )
We a ls o  have
<j)(x,0) = G(x) = H [ ( b - x ) ( x - a ) ]
•x
p ( t ) d t
and
K /Kx. , ,Kx.✓ inc(~:>dc(lT)
Ai (x )
9(f)
9y (x ,0 )  = -F (x )  = < - f (x )
K ,Kx. , ,Kx. - n c ( — )d c (— )TT TT TT
Aj (x)
(x) ( 0  < x  < a)
(a < x  < b) >
Fx (x ) (b < x  < tt)
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where
Ax (x ) = { [ t n 2  ( ^ )  -  t n 2  ( ^ ) ] [ t n 2 ( ^ )  -  t n 2 ( ^ )  ] } h
Case ( i i )
I f  we ch oose
and
th en  we f in d  th a t  
and
A 0 “  V
■TT
( t - i r )p ( t )d t
a
2  f71
An = “ ?  P ( t ) s i n  n t  d t
■' a
G(x) = H (x-a) P ( t ) d t
a
2K, ,Kx n /KtN ,K tsF — dn (— ) sn  (— ) cn (— ) d t
2 / K t v  2 /NX\a sn z (— ) -  sn  (— )
-  r . .  ____ _
• n /  \  ^ * 1  ^  TT TT TTF (x ) = -  p ( t )
From (4 .4 .2 6 )  and ( 4 .4 .2 7 )  we s e e  th a t  th e  s o lu t io n  o f
F (x) = f ( x )  ( a < x < ir )
and
lim  dG, . _
X - F ^ (X) = °
i s  e q u iv a le n t  to  s o lv in g  th e  s in g u la r  in t e g r a l  eq u a tio n
j fir f d n ( f ) s n ( f - ) c n ( f ) d t
t  - w  ° f w
J a sn (— ) -  sn  (— )
TT TT
s u b je c t  to
lim  p (x ) = 0 . 
x^if"
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The c o r r e c t  form o f  s o lu t io n  o f  ( 4 .4 .2 8 )  s u b je c t  to  ( 4 .4 .2 9 )  i s  g iv e n  by 
Tricom i [ 8 ] and we th e r e fo r e  o b ta in
p ( t )  = -
dn (^ r) rir 6  (x ) f  (x ) -^ sn  ( ^ )  cn (^p) dx7T TT 7T IT
TT<$(t) 2 /Kx. 2 /K t.a sn z (— ) ~ sn z (— )
(4 .3 0 )
where
<5(t) = { sn 2 ( ^ )  -  sn 2  ( ^ )  }%/c n  ( ^ )  . (4 .3 1 )
S tr e s s  I n t e n s i t i e s
The s t r e s s  i n t e n s i t y  fa c to r s  kQ and k^ a t  th e  crack  t ip s  x = a  and x = b 
r e s p e c t iv e ly  a re d e fin e d  by (4 .3 .3 3 )  through ( 4 .3 .3 6 ) .
Case ( i )  On s u b s t i t u t in g  ( 4 .4 .2 )  in t o  ( 4 .3 .3 3 )  and ( 4 .3 .3 4 )  and u s in g  
( 4 .4 .2 2 )  we r e a d i ly  f in d  th a t
ka = paF j (a )
1^ = -p a F 1 (b)
K d c ( ^ )IT
,Ka. 2 /Kb. . 2 /Ka. ft sn (— ) [ t n  (— ) -  tn  (— ) H
K d c ( ^ )IT
/Kbv r 2 /Kb\ , 2 1ft sn (— ) [ tn  (— ) -  tn  (— ) ]
(4 .3 2 )
(4 .3 3 )
Case ( i i )  On s u b s t i t u t in g  ( 4 .4 .1 )  in t o  d e f in i t i o n  (4 .3 .3 5 )  and u s in g
lim + t ^ ( x , 0 ) = l im .P ( x )  x-va“  3x x->a+ (4 .3 4 )
we o b ta in
k = - 2 M  , IT
„ .Ka. ,Ka. K cn (— )d n (— )
I  ^ 7ftsn (— )
^ f7T 6  (y ) sn ( ^ )  cn ( ^ )  dy
I 2 /Kys 2  /Ka.
J a sn  (—f~)  -  sn (— )
7T TT
(4 .3 5 )
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T o r s io n a l R ig id i t y
S in ce  r|j = cj>0 +(|> ( 4 .4 .4 )  may be w r it te n  as  
D =  D 0 - U
TT(x ~- )^<j>dx +• y<j)dy.
9A
Case ( i )  U sin g  (4 .4 .1 2 )  in  ( 4 .4 .3 6 )  we o b ta in
r bt D f  D™ ^ s i n ( 2 k - l ) t  d t , { ,.m -. ir-,2 .
D - D . + —  p(.t)! z 7 2 -kI i 7 r “ h-(2k-l)X ^ + 21J j P C t ) [ t - T ] d t
3 tC—J. 3.
0 TT
n o tin g  th e  u se  o f  p ( .t )d t  = 0  and D0 i s  g iv e n  by ( 4 . 4 . 9 ) .
a
Case ( i i )  In  t h i s  ca se  we f in d
fir °° A
j p(t)C ir t  t 2 ]d t  +  4 s  ( 2 n+i ) 3 c o sh(2n+l)AiT 
a . n=u
In b oth  c a s e s  we have used th e  id e n t i t y
v s i n ( 2 n + l ) t  I / irt_t 2 N
\  (2 n + l) 8  t  ’n=l
(4 .3 6 )
(4 .3 7 )
(4 .3 8 )
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1 . INTRODUCTION
In th e  s im p le s t  m odel o f  an e l a s t i c  p la t e  th e  fo l lo w in g  assu m p tion s are  
made: (See fo r  exam ple V inson  [1 3 ]  or Timoshenko and W oinow sky-K rieger [1 4 ] )
1 . The p la t e  c o n s i s t s  o f  a l in e a r ,  hom ogenous, i s o t r o p ic  m a te r ia l .
2 . The th ic k n e s s  h , o f th e  p la t e  i s  "sm all"  compared to  i t s  o th e r  d im en sion s.
tl ll3 . I f  -  ^  < z < y  d e s c r ib e s  th e  p la t e  th ic k n e s s ,  th e  m id d le su r fa c e  z = 0 i s  
th e  " n e u tr a l su r fa c e" ; i . e .  i t  i s  n e i t h e r  e lo n g a ted  n or c o n tr a c te d  
d urin g  b en d in g .
4 . E lem ents norm al to  th e  m id d le  su r fa c e  rem ain normal to  th e  deform ed  
m id d le  s u r fa c e .
5 . In  p la n e  s t r e s s e s  a re  n e g l i g ib l e .
The a ssu m p tio n s , in  e f f e c t ,  reduce th e  problem  to  th a t  o f  a two dimen­
s io n a l  B e m o u l l i- E u le r  beam under a norm al lo a d .
Under th e s e  assu m ptions one f in d s  th a t  (V inson [1 3 ] )  th e  d isp la ce m en ts  
u , v ,  w a re  g iv e n  by:
9w
u = " 2*  25 
9wv  = -  -z— z
9y
w = w (x ,y )
The problem  h as th e r e fo r e  been reduced t o  th a t  o f  d eterm in in g  th e  d is p la c e ­
ment w a fu n c t io n  o f  x and y  o n ly .
K ir c h o ff  [1 8 5 0 ] was th e  f i r s t  to  s a t i s f a c t o r i l y  s t a t e  g o v ern in g  p a r t ia l  
d i f f e r e n t i a l  eq u a tio n s  and boundary c o n d it io n s  fo r  w fo r  a l l  th e  a p p ro p r ia te  
ed ge c o n d it io n s .  I f  we p r e s c r ib e  a load  o f  q = q (x ,y )  on our p la t e  th en  w 
m ust s a t i s f y
V^w = q/D
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where V4  d en o tes  th e  b iharm onic o p era to r  (V2 ) 2  and D i s  g iv e n  by
n = Eh3 
12 ( 1- ^ )
where E, Young's m odulus, and V, P o is s o n 's  r a t i o ,  a re  m a te r ia l  c o n s ta n ts .
The a p p ro p r ia te  boundary c o n d it io n s  w i l l  be d e a lt  w ith  in  th e  s p e c i f i c  
s e c t io n s  th ey  a re  r e q u ir e d .
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2 . BENDING 0E A SIMPLY SUPPORTED CRACKED STRIP 
BY A SYMMETRICALLY DISTRIBUTED LOAD
Our f i r s t  th in  p la t e  problem , s e e  F ig . [ 7  ] ,  i s  th a t  o f  a s t r ip
li Ti0 < X < i r ;  - o o < y < o o ;  ~  —  < z < —  
which c o n ta in s  a through crack  a t
tl lla < x  < b ; y  = 0 ; -  —  < z < - ^ .
The p la t e  i s  su b je c te d  t o  a load  q = q ( x ,y )  such  th a t
q ( x , - y )  = q (x ,y )  and q - > 0  a s  / x  +y -><» .
The ed ges o f th e  p la t e  a re  s im p ly  su p p orted . That i s  t o  sa y  th e  support
a llo w s  no d isp la cem en t and th e  edge i s  f r e e  to  r o ta te  so  th a t  th e r e  i s  no
bending moment a long  th e  ed g e .
In  term s o f th e  d isp la cem en t w we f in d  th a t
w -  = 0  a lon g  each  ed ge.
The cra ck  in t e r f a c e  i s  u n co n stra in ed .a n d  i s  term ed a f r e e  ed g e . The ob v iou s  
assum ption  i s  i t  w i l l  d is p la c e  so  as t o  e l im in a te  bending and tw is t in g  moments 
and a ls o  v e r t i c a l  sh ea r in g  f o r c e s .  I t  was h ere  th a t  K ir c h o ff showed, th a t  
under our s im p lify in g  a ssu m p tio n s , th a t  th e s e  th r e e  c o n d it io n s  must be 
reduced to  two e q u a tio n s . For d e t a i l s  s e e  Timoshenko and W oinowsky-Krieger 
[1 4 ]  pp. 8 3 -8 4 . These c o n d it io n s  a re  g iv en  by
+ ( 2 - v ) ^  ,  o
dy tfydx
f o r . (a  < x  < b; y = 0 ) .
3 2w , . ,32w _
9 7  + ^  " 0
We now h ave, u s in g  symmetry, th e  fo l lo w in g  m ixed boundary v a lu e  problem fo r  
th e  v e r t i c a l  d isp la cem en t w.
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
Chapter 5 .2 96
y
q(x.y) =q(x.-y)
0
SIMPLY SUPPORTED CRACKED STRIP SUBJECT TO A SYMMETRIC LOAD
FIGURE 7
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P .D .E . V^w = ^  (0 < x  < i t ;  y > 0) (2 .1 )
B .C . 1 . .  w (x ,y ) -> 0  a s  / x 2 +y^ -*■ 00 .
2 . w (0 ,y )  = | ^ ( . 0 ,y )  = 0  (y > 0 )
3. w(fr,y) = |prCir,y) = 0 ( y > 0 ) .
4 . | ^ ( x , 0 ) +  ( 2 - V ) - ^ r ( x , 0 )  = 0 (0 < x  < tt)
5 . - |^ (x ,0 )  = 0  ( 0 < x < a )
o y
| ^ ( x , 0 ) +  v | p k x , 0 ) = 0  (a  < x  < b)
|^ ( x , 0 )  = 0  (b<x<TT)
We r e s o lv e  t h i s  problem  in t o  two p a r t s  and o b ta in  th e  d e s ir e d  s o lu t io n  by 
s u p e r p o s it io n .
Problem  1. (Inhom ogenous, uncracked  s t r i p ) .
P .D .E . VV,, = ^  ( 0  < x  < ir; y  > 0 ) (2 . 2 )
B .C . 1 . w0 ( x ,y )  ->0 a s  / x 2 +y2  -*■ 00.
2 . w0 (O ,y) = — ^>-(0 ^ )  = 0  (y  > 0 )
3 . ™0 CiT,y) = l ^ - O r . y )  = 0 ( y > 0 )
4 . = l ^ - ^ . O )  = 0 (0 < x  < tt)
C a lc u la te
M0y (x ,O ) = -D (^yffp +  ) = m(x) (a  < x  < b) . (2 .3 )
By elem en ta ry  te c h n iq u e s  such a s tra n sfo rm  methods we f in d  th a t
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w0 ( x ,y )  = ( [ q ( .t ,u ) {  £ n ^ ( 1  +  n | y - u f ) e U^ s in n t  s in n x } d t  du .
J-cc  i  0  n=l
Furtherm ore, we fin d  th a t
M0y(x,O ) = ^ - l rq ( t ,u ) {  £ n [ ( 1+v) -  ( l - v ) n u ] e  s in n x  s i n n t } d t  du 
0  n = l
/*°1+V f
47r Jo
(1-V)
r t .  m  / C o s h  u  -  e o s  ( x + t )  - i .  . jq ( t , u ) l o g {  r --------------- ) — —f j d t  d u^ '  ■*=’ c o s h  u  -  c o s ( x - t )
4ir f j  J 0 J
q ( t ,u ) u  s in h  u{ cosh  u -  cos (x + t) cosh  u -  cos (x - 1
where we have used th e  id e n t i t y  (O b erh ettin g er  [1 1 ] )
v - 1  -nu  . . 1 .  rc o sh u  -  c o s  (x+t)-.i n  e  s m n x s m n t  = T lo g i  r-------------)— T\.r •, 4 & cosh  u -  co s  ( x - t )n= l
Problem  2 . (Homogenous, m ixed boundary c o n d it io n ) .
P .D .E . V4 (j) = 0 ( 0 < x < tt; y > 0 )
B .C . 1 . <j)(x,y) -> 0 a s  / x 2 + y 2 •+ 00
2. <f)(0 ,y )  = ^ ( O j y )  = 0  (y > 0 )
3 . (K ^ y )  = 4> Cff,y) = o ( y > 0 )
4 .  (J) ( x ,0 )  + (2-v)d> (x ,0 )  = 0 (0 < x < t t )
yyy yxx  ’
5 . <|> (x ,0 )  = 0 ( 0 < x < a )
- -,-DCc() (x ,0 )  +V(j>x x ( x ,0 )  J ■= m(x) (a < x  < b )
<j)^(x,0 ) = 0  (b  < x  < it)
where
98
(2 .4 )
(2 .5 )
(2 . 6)
j }d t du
(2 .7 )
(2 . 8)
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Iq ( t ,u ) l o g { C°3i ; " - C° S^ h dt du 
q cosh  u -  co s ( x - t )m (x) =
1+v f7r
4ir
0
+ 1 ^ ' ° °  ATT Q
f" 1 1
f q ( t ,u ) u  s in h  u{ r------------ 7—n"\—  tT-------------7— rvJd t du (2 .9 )Jq cosh  u -  co s (x + t) cosh  u -  co s  ( x - t )
i s  th e  induced  bending moment on th e  crack  fa c e  frcm  problem  1 .
I t  i s  r e a d i ly  seen  th a t
00
=  D ( 3 ^ H 1 - v )  J ^ " 2 ( A n  +  n Bn y ) e _ n y s i n n x  ( 2 . 1 0 )
s a t i s f i e s  th e  P .D .E . and boundary c o n d it io n s  1 . ,  2 . ,  and 3 . To s a t i s f y  
boundary c o n d it io n  4 . we f in d  th e  r e la t io n s h ip  th a t
<n S 1 )  ( 2 ' U )
i . e .
CO
<f>'(x»y) = D(3+v) (1 -v )  2  n_2An ^ 1+v) -  (1 -V )ny3e~nys in n x  . (2 .1 2 )
n=l
S in ce
00
| i ( X,0 )  -  5 ( 3 +^ ( - i _ v )  J i n - 1 An s i „ nx C2.13)
and
(x ,0 )  +  V g ^ (x ‘,0 )  = ■ £ A ^ sin n x  (2 .1 4 )
J' n = l
r  -  CO
we f in d  th e  i-A^ij must s a t i s f y  th e  t r i p l e  s e r i e s  e q u a tio n s
OO
E n  s in  nx = 0  ( 0  < x  < a)
n=l
E A s in n x  = m(x) (a  < x  < b) (2 .1 5 ). n n =l
"  - 1E n ’.A s in  nx = 0 (b < x  < TT) .
1 nn =l
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These are  th e  eq u a t io n s  o f  Chapter 2 §1 and we f i n d
f b
p ( t ) c o s n t d t  ( n ^ l )
where
A = f fn tt I
J £
p ( t ) d t  = 0 .
(2 .16)
(2 .1 7 )
Thus,
M r  n\ _ - 2
9 y ( x ’ } D (3 + v )( l -v ) H[ ( b - x ) ( x - a ) ] P ( t ) d t (2 .1 8 )
w ith
P ( t )  =
s in  t  
TTA(t)
A (x)m (x)dx  
co s  t  -  c o s  x
and
Furtherm ore,
A (t)  = { (c o s  a -  c o s  t )  (c o s  t  -  co s  b) .
'  s n^ x  f A(.y)m(y)dy 
ttAj (x ) J co s  y  -  c o s  x
M'Cx.O) = < -m (x)
s in  x  J A(y)m(y)dy. 
ttAj ( x )  j co s  y -  co s x
SL
0 <  x  < a
a < x  < b >
b < x  < ir
(2 .19)
(2 . 20)
(2 . 21)
w ith
h 1 (x ) = { (c o s  b -  co s x ) (c o s  a -  co s  x ) } . ( 2 . 2 2 )
The bending i n t e n s i t i e s  a t  th e  crack  t i p s  x = a  and x  = b are d e f in e d  r e s p e c t ­
i v e l y  by th e  r e la t io n s
-2IC,(a) = -  lim  6 h /2 ir (a -x )  M (x ,0 )  
x+a-  y
(2 .2 3 )
and
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From (4
x->b'
. 2 . 2 1 ) we o b ta in
KB(b) = lim  6 h 2 / 2 tt (x -b ) M ( x , 0 ) . (2 .2 4 )
- ,4* y
V \ 6  f  2 s in  a (  rco s y -  co s  b-,% ,  Na) = “ h ^ A lc o s  a  - c o s b  ] cos"a -"cos y  m (y )d t ( 2 *25)• a  ^
Tr v _ 6  /  2 s i n b  f rc o s a - c o s  y ^  , N „ , s
V b) " F A ' C c o s a - c o s b  Ja co s y  -  cos b m (y)d t ' ( 2 ‘26>
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3 . BENDING OF A SIMPLY SUPPORTED STRIP WITH TWO CRACKS I
In  t h i s  and th e  su bsequ en t s e c t io n ,  we w i l l  o b ta in  th e  s o lu t io n  to  an 
i n f i n i t e  s t r i p ,
- 7 T < X < 7 T ;  -O0 < y < o o ;  -  y  <  Z <  y ,
w hich c o n ta in s  two sy m m etr ica lly  lo c a te d  c r a c k s ,
-ir < -b  <-x < - a  < 0 ; 0  < a  < x  < b < tt ; y  = 0 ; -  — <  z  < —  ,
w hich i s  s u b je c te d  to  a load  q = q (x ,y )  w hich i s  sym m etric about th e  x - a x i s ,
i . e .  q ( x , - y ) = q ( x ,y ) . To o b ta in  t h i s  s o lu t io n  we must r e s o lv e  q in t o  i t s  
even and odd com ponents about th e  y - a x i s .  In  o th e r  w ords, we w r ite  q = q e +  qQ 
where qe ( x ,y )  = y [ q ( x ,y )  +  q ( - x ,y )  ] i s  an even  fu n c t io n  of x  and qQ(x ,y )  = 
■|Cq'(x,y) - q ( - x , y ) ]  i s  an odd fu n c t io n  o f  x .
By b rea k in g  th e  lo a d  q in t o  i t s  sym m etric and a n ti-sy m m etr ic  p a r ts  we 
may, th rou gh  l i n e a r i t y  o f  th e  b iharm onic e q u a tio n , o b ta in  th e  f u l l  s o lu t io n  
t o  th e  problem .
With t h i s  in  mind we s o lv e :
P .D .E . V^w = (0 < x  < i t ;  y > 0) ( 3 .1 )
B.C. 1 . w->-0 as /{x ^ + y 2} -»■ »
2 . w (0 ,y )  = w ( 0 ,y )  = 0  ( y > 0 )
3 . w (ir,y) = w (7T,y) = 0 (y  > 0)XX
4 .  w  ( x ,0 )  +  ( 2 - v ) w  (x ,0 )  =  0 ( 0 < x < tt)yyy ’ yxx  ’ v
5 . w^.(x,0) = 0 (0 < x  < a) u (b < x  < i t )
M y(x,0) = 0 ( a < x < b )
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T h is  i s  th e  P .D .E . and boundary c o n d it io n s  o f  th e  p receed in g  s e c t io n  and 
so  we have
w (x ,y )  = wx (x ,y )  +  w2 (x ,y )  (3 .2 )
where
.co .-n  co .
. - 3 / ,  , _ t„  __K -n [y -u  .w i ( x ,y )  = 12tfD q ( t ,u ) {  £ n ( l + n | y - u f ) e  il|J' U| s in  n t  s in  n x }d t du (3 .3 )  
6  n=l
arid
w2 (x ,y )  = D(3 +V) q _ v ) S n ^ [ ( l + v )  -  ( l - v ) n y ] e  nys in n x
n=l
(3 .4 )
where
P ( t )  =
p ( t ) c o s n t d t  ( n 5 1)
s m  t  
TrA(t)
A(x)m0 (x )d x  
a co s  t  -  cos x
A (t) = { (c o s  a  -  c o s  t )  (c o s  t  -  c o s  b) } '
( 3 .5 )
(3 .6 )
(3 .7 )
and
mo (x)
1+V
4tt
+
o
l - v
4fT
qo ( .t ,u ) lo g co sh  u -  c o s  (x + t)cosh  u -  co s  ( x - t )  
1
d t du
o qo ( t ’u)u  u ^cosh u -  c o s  (x + t) cosh  u -  co s  ( x - t )
(3 .8 )  
}d t du.
Furtherm ore, we f in d
V a) = -
2 s in  a
(c o s  a -  cos b)
rco s  y -  co s  b-,% , x ,
{ ------ 1------------ ;.m  (y )d ycos a -  cos y  o a J
KB(b) =
2 s in  b f*  ab ij-cos a -  co s y-1% / s .i_\ i 1.----------------------m (y)dy  •co s a -  c o s  b) co s y  -  co s b o J a
(3 .9 )
(3 .1 0 )
We n o te  in  p a ss in g  th a t  th e  d isp la cem en t w as d e fin ed  by ( 4 .3 .2 )  i s  v a l id  in  
th e  r e g io n  (-Tr<x<'rr; y ^ O ) and s in c e  w (x ,y )  = w (x ,-y )  we have th e  s o lu t io n  
f o r  th e  w hole s t r i p .
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4. BENDING OF A SIMPLY SUPPORTED STRIP WITH TWO CRACKS I I  
We f i n i s h  th e  two crack  problem  by a g a in  c o n s id e r in g  th e  s t r ip
V  I .
- 1 T < X  <TT;  —oo <  y  <  oo; < Z < - J >
w ith  two crack s
0  < a  < f x f  < b < t t ;  y = 0 ;  - y < z < y ,
w hich t h i s  tim e i s  su b je c te d  to  a lo a d  qe = q e ( x ,y ) .  The lo a d  i s  sym m etric 
w ith  r e s p e c t  t o  b oth  a x e s ,  and so  by symmetry, we must s o lv e
qeP .D .E . V \?  = (.0 < x  < TT; 0 < y  < °°) (4 .1 )
B .C . 1. w->- 0 a s / { x  +y } 00
2 - wx ( 0 ,y )  = wx x x ( 0 »y) = 0  (y > 0 )
3 . w(.7T,y) = WQjCir.y) = 0  ( y > 0 )
4 . WyyyCx.O) + (2 -v )w  ( x ,0 )  = 0 (0 < x  < t t )
5 . W y(x,0) = 0 ( 0 < x < a )
M ^(x,0) = 0 ( a < x < b )
w ^ (x ,0 ) = 0 ( b < X < T T )
T h is i s  so lv e d  as u su a l by b reak in g  i t  up in to  two s im p le r  problem s so lv e d
below .
Problem 1.
P .D .E . V^ Wj = -jp (0  < x < tt; y  > 0) (4 .2 )q e
B.C. 1 . wx -*■ 0  a s  / x  +3P  -> oo
2 ‘ ^ ( ° » y ) = ^ p ^ 0 ,y ) = 0 ( y > 0 )
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3 . WjOr.y) = ^ p K ^ y )  = 0  (y  > 0 )
4 . - ^ - ( x ,0 )  = ~ | K x , 0 )  = 0  ( 0  < x  < tt)
C a lc u la te
Me ( x , 0 ) = m (x ) f o r  (a  < x  < b ) . 
y e
By transform  m ethods we a r r iv e  a t
#00 VTT 00
i f f  1 1W j(x ,y ) = ‘5^ f  q ( t ,u )  Z S ( n ,y ,u ) c o s ( n - ^ - ) t  c o s ( n - y ) x d t  du 
- “ ■*o n=l2irD I 2 JJ —  0 0  J  n  n =  1
where
! _q i - C n - h |y - u f
S (n ,y ,u )  = ( n - j )  [1  +  ( n - j )  |y - u |  ]e
I t  now fo l lo w s  th a t  m^Cx) = - d | ^ ^ - ( x , 0) +  v ^ ^ - ( x ,0 ) J  i s  g iv e n  by
w ith
OO -IT  00
1  1 q ( t ,u )  I  R ( n ,u ) c o s ( n - ^ ) x  c o s (n  - ^ t  d t du
o 1 o n = l
i _i i - ( n - y ) u
X h ,u )  = ( n - y )  [(1+V ) -  ( n - j ) ( l - V ) u ] e  .
S in c e , (O b erh ettin g er  [1 1 ] )
°° 1 -1  1 1 ~^n 2^u Z ( n - y )  c o s (n  - y ) x  c O s ( n - y ) t e
n=l
, [c o sh (^ ) +  c o s ( 2 ^ ) ] [ c o s h ( ^ )  +  c o s ( ^ r - ) ]  
= i l o g  -----------£ -------------- A ----------------£ ---------- — £ -----
[ cosh  ( y )  -  c o s  (^ y ^ -)  ] [ cosh  ( y )  -  co s ]
(4 .3 )
(4 .4 )
(4 .5 )
(4 .6 )
(4 .7 )
(4 .8 )
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we f in d  th a t
/  \  _ 1+V m (x ) = ——  e  4lT
o o  -TT
qC t,
0 ^ 0
u ) lo g
[c o s h j+  cos (~^~) ] [co sh ^ +  cos C^T-) ]
Hcosh|- -  cos ] tc o sh |-  -  cos (^jp) 3
> d t du
(.4 .9)
Cl-V)
_ /X+t. /X -t.
u c o s(— ) COS(— )
q ( t ,u )u  sinhTn Z ------------7—rrr +  r------------7— -»2 cosh u -  cos (x+ t) cosh u -  cos (x - t ) 'dt du.
Problem  2 . 
P .D .E .
B.C. .1 .
V**<j> = 0 (0 < x  < t t ;  y > 0)
(j) -»■ 0 as / x z+yz 00
(4 .1 0 )
2 . <f>x (o ,y )  = = 0 ( y > o )
3. ^(ir.y) = <f> (Tt»y) = 0 (y > 0)XX
4. <!>y y y ( x ,0 ) +  ( 2-v)t})y x x ( x ,0) = 0 (0  < x < tt)
5 .  <(>y (x ,0 )  = 0 ( 0 < x < a )
| ^ ( x , 0) + v |^ f - (x , Q)J = ^ - (x )  (a < x < b)
<j> ( x ,0) = 0 (b < x <  tt)
where me (x) i s  g iv e n  by ( 5 . 4 .7 ) .
The fu n c t io n
(1+v)
0 0  — ( r i  ~  1—)  y
<f>(x,y) = 5 >3+v) ( 1 - v) S 2^An +Bn^n - ^ y e^ 2 c o s (n - j ) x (4.110
n=l
s a t i s f i e s  ( 5 .4 .8 )  and boundary c o n d it io n s  1 . ,  2 . ,  3 . To s a t i s f y  boundary 
c o n d it io n  4 . we f in d  th a t
Bn = - 0 \  <"a l > (4 .1 2 )
i . e .
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<P(x,y)  = d(.3 + v ) ( 1 -v )  An C (l+v) “ ( l - v ) ( n - - j ) y ] e  c o s (n -
S in c e ,
OO
( x »0) = D (3 + v )(1 -v )  nf 1 ( n ~ i ) ~ lAnCO s(n- Y )x
and
p*  ^ g ""T
d | | ^ 2'(x »0 ) + v | ^ 2 '(x , 0 ) j  = Z Anc o s ( n - | - ) x
we f in d  th a t  boundary c o n d it io n  5 . w i l l  be s a t i s f i e d  p rov id ed  th e  (An } 
s a t i s f y  th e  t r i p l e  eq u a tio n s
00
Z (n -y - )  c o s ( n - 4 ) x  = 0 (0 < x  < a), z  n zn = l
OO
Z A^cos (n -  ^ x  = m (x ) (a < x  < b)
n = l
CO
Z (n -  ■y) '''A co s  (n -  tt) x = 0  (b < x  < ir) .,  z  n zn=l
T hese are th e  t r i p l e  s e r ie s  o f  Chapter 3 §3 c a s e  ( i )  and we f in d
2  1  An = -  — p ( . t ) s i n ( n - j ) t  d t (n 1 )
J a
tc o s y  
P ( t )  = 2A (t)
X
9  (b.A(x)m (x )sin y -
C+;M  --------- ------------ f d x ]TT J - 2 X . 2 t  J a s in  j - s i n  y
where
A(x) = { ( s i n 2 -y- -  s i n 2 — )  ( s i n 2 s i n 2  w)
and
1 0 7
(4 .1 3 )
(4 .1 4 )
(4 .1 5 )
00
1
(4 .1 6 )
(4 .1 7 )
(4 .1 8 )
(4 .1 9 )
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C =
b t  xsinTr fb co sx d t r b  A(x)m (x )sin w d x  
I  / . f e  I
irKj A (t) . 2 t  . 2 Xa sxn j - s x n  -j
(4 .2 0 )
in  w hich K{ = ' F ( 1 - k 2) 2] i s  th e  a s s o c ia te d  com plete e l l i p t i c  in t e g r a l  w ith  
3. bparam eter k x = s i n j / s i n j .  A lso , we f in d
-2
V X ’ 0 )  =  D ( 3 + v )  ( 1 - v )  Ht ( b - x ) ( x - a ) ]
x
p ( t ) d t ( 4 . 2 1 )
and
✓ x  /  COS2
2 A ,(x ) C + fTT
b A (y )n i(y )s in ^ d y
M ( x , 0 )  = <
y
x
c o s ^ -
 ^ 2 A j(x ) C +
• 2  y . 2 x  a sxn ^ - s x n  y
-m (x) e
2  fb A Cy)me (y) s in ^ d y 1
f _ _
* L 2 y  . 2 x  a sxn ~ - s x n
(0 ,a )
(a ,b )
(b,7T)
(4 .2 2 )
in  which
Aj (x ) = { [ s i n 2 y - s i n 2 X] [ s i n 2 - j - s i n 2 y ] }  ' (4 .2 3 )
The bending i n t e n s i t i e s  a t  th e  crack  t i p s  x = a  and x = b  as d e fin ed  by ( 5 .2 .2 3 )  
and ( 5 .2 .2 4 )  may be found u s in g  ( 5 .4 .2 0 )  and we o b ta in
V a) ■ -
g
2 H C .O S 2
a 2 r  a 2 b  a 2 a  “1sxn^Lsxn y  -  sxn y j
C+-7T
a 2 b a 2 ysxn y - s x n
s i n 2y  -  s i n 2 y
> me ( y ) s in |d y (4 .2 4 )
and
V b)
2 7 T C O S y
r  • 2 b  ' • •  bLsxn y " s i n ^ J s m y
\
%
L n 6 ,
/  *
. 2 y  ■ 2 &sxn  y -  sxn y % - |  
1 me ( y ) s in |d yL* 1TT I 
Ja - 2 b  . 2  y  sxn t t -  sxn
i
2  2  
\  /
• J
(4 .2 5 )
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5 . CYLINDRICAL BENDING OF AN INFINITE PLATE 
WITH A'COLLINEAR ARRAY OF LINE CRACKS
Oar f i n a l  problem  o f  t h i s  ch ap ter  i s  th a t  o f an i n f i n i t e  p la t e  w hich
c o n ta in s  a c o l l in e a r  array o f  l i n e  c r a c k s , F ig . [ 8  ] . '  For an uncracked p la t e
s u b je c t  t o  co n sta n t bending moments M =MX; M =M2 th e  d e f l e c t io n  w i s  g iv e nx  y
by (Timoshenko and W oinowsky-Krieger [1 4 ]  p. 43)
_  Mi - v M g  2 ^ 2  ~  VMi 2 n
2 D ( 1 - V  ) '  2 D ( 1 - V Z) y  * (  '
We now s e e  th a t  to  o b ta in  c y l in d r ic a l  bending we must ch oose  My = M and = VM 
where M i s  an a r b itr a r y  co n sta n t and we th e r e fo r e  o b ta in
w = - - ^ - y 2 . ( 5 . 2 )
I t  i s  now c le a r  th a t  th e  mixed boundary v a lu e  problem  we m ust s o lv e  i s  th e  
fo l lo w in g :
P.D:.E. V^w = 0 (0  < x  < tt; y  > 0 ) .  (5 .3 )
B.C. 1 . M -»-vM: M -*M a s  y  -> 00x  y  J
2 . wx ( 0 ,y )  = wx x x ( 0 ,y )  = 0  (y > 0 )
3 .  wx ( i r , y )  = wx x x ( i r , y )  = 0 ( y > 0 )
4- wyyy(x ,0 ) + (2-v)w yxx(x ,0 )  = 0 ( 0 < x <  it)
5 . wy (x ,0 )  = 0 (0 < x  < a ) u ( b<x<i T)
My (x ,0 )  = 0  ( a < x < b )
:From ( 5 .5 .2 )  and th e  r e s u l t s  o f th e  p r e v io u s  s e c t io n s  we s e e  th a t
OO
w (x ,y )  = —-^ -y 2 + 5 ( 3 + v )  ( 1 - v )  ^Aoy +  Y 2  n 2 t n ( l - v ) y  -  ( l+ v ) ] e  nyc o s n x }  (5 .4 )
n = l
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vM
a b
2TT
x=TT
x
v >M
M
INFINITE PLATE WITH A COLLINEAR ARRAY OF LINE CRACKS SUBJECT TO CYLINDRICAL 
BENDING
FIGURE 8
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s a t i s f i e s  ( 5 .5 .3 )  and boundary c o n d it io n s  1 . through  4 . F urtherm ore, s in c e
00
V X ,0 ) = D (3 + v ) ( l -v )  {Ao + J i n~ AnCOSnx} ( 5 - 5)
and
OO
M (x ,0 )  = M+ E .A co s  nx (5 .6 )
y _ i  nn = l
CO
boundary c o n d it io n  5 . w i l l  be s a t i s f i e d  p rov id ed  th e  {An } 0 s a t i s f y  th e  
t r i p l e  s e r i e s  eq u a tio n s
A. +  E n ^A c o s  nx = 0 (0 < x  < a)
0 i nn=l
E A co s  nx = -M (a < x  < b) (5 .7 )
n = l
OO
A0 +  E n .A. co s  nx = 0 (b < x  < tt) 
n=l
S in ce  th e s e  a re  th e  s e r i e s  o f  Chapter 3 §1 ( i )  we f in d  th a t
p ( . t ) s in n t  d t (n 5; 1) (5 .8 )A = -  -0 ir
b 2  fb
t p ( t ) d t ;  An  = -  -
a a
where
rb
p ( .t )d t  = 0 (5 .9 )
a
and
in  w hich
wy ( x ,0 )  = D (3-j-v^7 i ~_v ) H [ (b -x )  ( x - a ) ]  |  p ( t ) d t  (5 .1 0 )
m ajvj S6C —
p ( t )  = -----------^r- { f - s e c 2  1} (a  < t  < b) (5 .1 1 )
A ( t ) s e c f  F 2
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A(x) = • { ( ta n 2  -  ta n 2 ^ ) ( ta n 2 tt -  ta n 2 -f)
Ax (x ) = { ( ta n 2 y  -  ta n 2 y )  ( ta n 2 y  -  ta n 2  y )
,7TF = F ( y ,  k j ) ;  n = n ( | ,  a 2 , k j )  a re  co m p lete  e l l i p t i c  in t e g r a l s  o f  th e  f i r s t  and 
th ir d  k ind r e s p e c t iv e ly ,  w ith  p aram eters
a 2 =
9  b 9 a  tan  y - t a n  y
2 b i ta n  y -  1
; k ’ = / L - k 2 ; kj =
. a 
t a n 2
t a n |
Furtherm ore, we f in d  th a t
M s e c f  n
Ax (x ) s e c y  F
r l l  2  x  2  bi — s e c  -r-- s e c f } -  M
My (x ,0 ) = < -M
TUT 3M se c  y
Ax (x ) s e c y  F
rn 2 x  2 b-i • f— s e c  tt -  s e c  ttj -  M
( 0  < x  < a)
(a  < x  < b) > (5 .1 2 )
(b < x  < tt)
The bending i n t e n s i t i e s  a s d e f in e d  in  §2 a re  r e a d i ly  o b ta in ed  u s in g  ( 5 .5 .1 3 )  
and a re  g iv en  by
V * >
6M/2ir s e c y
h 2 k | tanyv^tany
a ' s e c y
s e c y
-  1 (5 .1 3 )
and
6M/2TT sec^- n
K-Cb) = -----------------7 -  { y -  1} .
*  h 2 k(.tan | ) 3 / 2 F
(5 .1 4 )
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CHAPTER 6
APPLICATION TO SHIELDED MICROSTRIP TRANSMISSION LINES
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1 . INTRODUCTION
Our f i n a l  ch ap ter  d e a ls  w ith  th e  problem  o f  s h ie ld e d  m ic r o s tr ip  l i n e s .  
These are formed by h av in g  two ground p la n e s  bonded to  th e  o u ts id e  o f  a 
m a te r ia l  o f  d i e l e c t r i c  p e r m it t iv i t y ,  £ ,  and m agn etic  p e r m e a b il ity , y ,  both  
c o n s ta n ts .  Sandwiched betw een th e  ground p la n e s  a re  m ic r o s tr ip  l i n e s .  The 
term  m ic r o s tr ip  i s  used  f r e e l y  nowadays w ith o u t a c le a r  d e f i n i t i o n .  W heeler 
[1 5 ]  con tend s i t  was o r ig in a l ly  a shorthand form f o r  "microwave s t r ip  l in e "  
and argu es a g a in s t  i t  a s  b e in g  both  ambiguous and on ly  p a r t i a l l y  r e le v a n t .  
M ic r o str ip  i s  u sed  h e r e  to  denote a d eg en era te  c a se  when th e  th ic k n e s s  o f  th e  
s t r ip  i s  assumed ze r o .
We s e t  up a co o r d in a te  system  so  th a t  th e  w aveguide ex ten d s  i n f i n i t e l y  
in  th e  z - d ir e c t io n ,  w ith  th e  m ic r o s tr ip s  s i t u a t e d  a t  y  = 0 ; and th e  ground  
p la n e s  a t  y  = +X7T. In  two o f  th e  th r e e  problem s d is c u s s e d  th e  w aveguide i s
f i n i t e  in  th e  x - d ir e c t io n  by adding two a d d i t io n a l  ground p la t e s  t o  form
r e c ta n g u la r  w a v eg u id es.
We c o n s id e r  wave p ro p a g a tio n  in  w hich th e  f i e l d  components in  th e  z -  
d ir e c t io n  o f  E and 15 th e  e l e c t r i c  and m agn etic  f i e l d s  r e s p e c t iv e ly  are ze ro .
T h is mode i s  known a s  th e  TRANSVERSE ELECTROMAGNETIC (TEM) mode. Under th e
TEM mode, th e  problem  i s  reduced to  th a t  o f f in d in g  a s o lu t io n  o f L a p la c e 's  
eq u a tio n  in  two d im en sio n s.
Jackson Cl6 U, pp. 3 3 9 -3 4 1 , g iv e s  in  a c o n c is e  manner th e  assu m ptions  
made and d e r iv e s  th e  g o v ern in g  eq u a tio n s  from M a x w ell's  e q u a tio n s .
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2 . RECTANGULAR WAVEGUIDE WHICH CONTAINS ONE MICROSTRIP LINE
The geom etry o f our f i r s t  tr a n sm is s io n  l i n e  i s  shown in  F ig .  [9  ] .  T his  
i s  a g e n e r a liz a t io n  o f  a problem s tu d ie d  by T ip p et and Chang [ 1 7 ] ,  in  which  
th e  m ic r o s tr ip  was sy m m etr ica lly  p la c e d  t o  b oth  w a l l s .  They o b ta in e d  an 
e x a c t  form ula fo r  th e  c a p a c ita n ce  through conform al m appings. U sing the  
m ethods of Chapter 2 we can o b ta in  th e  p o t e n t ia l  a t  any p o in t  and hence a l l  
f i e l d  com ponents and p h y s ic a l  p aram eters.
From symmetry our mixed boundary v a lu e  problem  i s  a s  fo l lo w s :
P .D .E . V2 cj> = 0 (0 < x  < tt; ■ 0 < y  < Xtt) . (2 .1 )
B.C. 1 . <j>(0,y) = (j>(F,y) = 0 (0 < y  < Xtt)
2 . (j>(x,XTr) = 0  ( 0  < x  < ir)
3 . -|^ -(x ,0) = 0 (0 < x  < a)
<|>(x,0 ) = 1 ( a < x < b )
| ^ ( x , 0 ) = 0  (b < x  < ir)
The fu n c t io n
CO
, , N . s in h  n (Air-y) . „ s
cj>(x,y) = Z.A C0 Sh (nA7r) S ln n x
n=l
c l e a r ly  s a t i s f i e s  ( 6 .2 .1 )  and boundary c o n d it io n s  1 . and 2 . Furtherm ore, 
s in c e
00
■f^-(x,0) = -  Z nA s in  nx (2 .3 )
9y n = l n
and
^>(x,0) = Z A tanh(nX 7r)sinnx (2 .4 )
n = l n
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_ w
we s e e  th a t  boundary c o n d it io n  3 . w i l l  be s a t i s f i e d  p rov ided  th e  {A },n 1
s a t i s f y  th e  t r i p l e  s e r ie s
00
E nA s in  nx = 0 (0 r< x  < a)
i nn = l
00
£ A tan h (n ?or)sin n x  = 1  ( a < x < b )  (2 .5 )
i nn=l
00
£ nA s in  nx = 0 (b < x  < tt) .
i nn = l
These are  a s p e c ia l  ca se  o f  Chapter 2 , §2, c a s e  ( i i )  and we f in d
2  fk
A „ = — I p ( t ) s i n n t  d t ( 2 . 6 )
and
' n  TTn
1 a
where
in  w hich
! ^ ( x ,0 )  = - H [ ( b - x ) (x -a ) ]p (x )  (2 .7 )
K t n ( tt ) , ,Kt„ ,K t, 
p ( t )  = irK1 A (t) dc(— )n c (— ) ( 2 . 8 )
TTK: = F ^ . k j )  where kj =
tn (— )
TT
and
A (t) = { [ t n 2 ( ^ )  - t n 2 ( ^ ) ] [ t n 2 ( ^ )  - t n 2 ^ ) ] } ^ .  (2 .9 )
' TT TT TT
The c a p a c ita n c e  fo r  th e  upper h a lf  o f  th e w aveguide can now be c a lc u la te d .
In  r a t io n a l iz e d  MKSA u n i t s ,  th e  ca p a c ita n ce  p er u n it  le n g th  C/L i s  g iv en  by
(C/L) = (2 .1 0 )
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where Q/L i s  th e  t o t a l  ch arge p er u n it  le n g th  on th e  upper su r fa c e  o f  th e  
s t r ip  and V i s  th e  p o t e n t ia l  d if f e r e n c e  between th e  w a lls  and th e  s t r ip .  
S in ce
Q /L -  ^
b
E .j  dx (2 .1 1 )
a
p (x )d x  = e • JEL ( 2 . 1 2 )
? Ki
where e Q i s  th e  p e r m it t iv i t y  o f  f r e e  sp a c e , and E=-V<j) ( 6 .2 .7 )  g iv e s
e fbC/L =
V
and, th e r e fo r e ,  th e  t o t a l  c a p a c ita n c e  p er u n it  le n g th  i s
C/L = (2 .1 3 )
Ki
where
Kj = F [ | , k J ] ;  k j  = / l ^  .
TTFor th e  s p e c i f i c  c a s e  where th e  s t r ip  i s  lo c a te d  sy m m etr ica lly  about x  = y ;
TT tt
th a t  i s  a = -2 ~w ; b = - j + w » ( 6 .2 .1 3 )  a g r e e s  w ith  th e  conform al mapping s o lu t io n  
o f T ip p et and Chang.
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3 . RECTANGULAR WAVEGUIDE WHICH CONTAINS TWO MICROSTRIP LINES
In t h i s  waveguide we have two m ic r o s tr ip  l i n e s  s i t u a t e d  on th e  x - a x i s  
and sy m m etr ica lly  lo c a te d  w ith  r e s p e c t  to  th e  y - a x i s ;  s e e  F ig . [ 1 0 ] .
I f  th e  c r o s s - s e c t io n  o f  th e  w aveguide i s  d e sc r ib e d  by th e  i n e q u a l i t i e s  
- T T < x < 7r; -A7r< y <Ai r ;  and th e  m ic r o s tr ip s  by a <  [xf < b ;  y = 0; th e  problem  
red u ces by symmetry to  th e  fo l lo w in g  m ixed boundary v a lu e  problem :
P. D.E.  V2<|> = 0 (0 < x  < ir; 0 < y <  Air) (3 .1 )
b . c .  i .  =  0 C o < y < A T r )M . (
2 . (Kn^y) = 0 ( 0 < y < A i r )
3.  cj)(x,ATr) = 0 ( 0 < x < i r )
4.  |^ - (x ,0 )  = 0 (0 < x  < a)
c)> ( x , 0 ) = 1 (a  < x  < b)
|^ - ( x , 0 ) = 0  (b < x  < ir)
I t  i s  c le a r  th a t  th e  fu n c t io n
00 s in h (n  —y )  (Air-y) 1
<Kx,y) = 2 A ------------------- ----------- c o s ( n - y ) x  ( 3 . 2 )
n= l cosh  (n -  y )  Air
s a t i s f i e s  th e  P. D.E.  and boundary c o n d it io n s  1 . ,  2 . ,  and 3 . A lso , s in c e
00
|^ - (x ,0 )  = -  E (n - y )  A ^cos(n -  y ) x  (3 .3 )
n=l
and
t p ( x , 0 )  =  E Anta n h (n -y )A iT  c o s ( n - y ) x  (3 .4 )
n= l
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r \we s e e  th a t  in  order to  s a t i s f y  boundary c o n d it io n  4 . th e  U  Jj must 
s a t i s f y  th e  t r i p l e  s e r ie s
°°
Z (n --|-)Anc o s (n  - - ^ x  = 0  (0 < x  < a)
n=l
Z A t a n h ( n c o s ( n - x - ) x  = 1  ( a < x < b )  ( 3 . 5 ). n z  zn=l
00
Z (n -x -)A  c o s (n --r -)x  = 0 ( b < x < T r ), z  n Zn=l
T hese a re  th e  t r i p l e  s e r ie s  o f Chapter 3 , §4 , ca se  ( i i )  and we f in d  th a t
A = ----- — f p ( t ) c o s ( n - 4 ) t  d t ( n S l )  (3 .6 )
ir (n -  y ) J a
and
where
in  w hich
and
-|^ -(x ,0) = -H[ (b -x ) (x -a ) ]p (x )  ( 3 . 7 )dy
TT Kt* Kt-
( 3 ' 8)
.Ka.
tt n c ( i r )
K ^ P ^ k a ) ;  ( 3 . 9 )
n c (— )
A( t )  = { [n c 2 ( ^ ) - n c 2 ( ^ ) ] [ n c 2 ( ^ )  - n c 2 ^ ) ] } ^  .
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F o llo w in g  th e  procedure o f  th e  p rev io u s  s e c t io n ,  we f in d  th e  t o t a l  c a p a c it ­
ance p er u n it  le n g th  i s  g iv e n  by
C / L  =  4 £ oK l  ( 3 . 1 0 )
Ki
kj = F ( f ,k { ) ;  kj = / F k f .
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4 . AN INFINITE ARRAY OF MICROSTRIPS IN A SHIELDED DIELECTRIC SLAB
Our f i n a l  problem  i s  th a t  o f  an i n f i n i t e  array o f  m ic r o s tr ip s  embedded 
in  a s h ie ld e d  d i e l e c t r i c ,  F ig . [ 1 1 ] .
The geom etry o f  th e  s i t u a t io n  a llo w s  u s t o  o n ly  c o n s id e r  th e  c e l l
0 < x S i r ;  -ATr<y<AiT
w ith  one m ic r o s tr ip  lo c a te d  a t
0 < a ^ x  < b . < TT; y = 0 .
I t  i s  now c le a r  th a t  we have th e  fo l lo w in g  m ixed boundary v a lu e  problem .
P. D. E.  V2 <j> = 0  ( 0 < x < i r ;  0 <y < Ai T)  ( 4 . 1 )
B.C.  1.  H ( 0 ’7 ) = 0  (0  < y  < Air)
2 . = 0  (0  < y < Air)
3 . (j>(x,ATr) = 0  ( 0 < x < i r )
4 . |^ - (x ,0 )  = 0 (0 < x  < a)
<j>(x,0 ) = 1  (a  < x  < b)
|^ - ( x , 0 ) = 0  (b < x  < tt)
The fu n c t io n
OO
$ (x ,y )  = A0 ( l - ^ ) +  Y n _S“ c o s h n A 7 ) ]  co s  “  ( 4 *2)
n=l
s a t i s f i e s  ( 6 . 3 . 1 )  and boundary c o n d it io n s  1 . ,  2 . and 3 . Furtherm ore,
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<j)(x,0) =':.A„+ Z A tanh n Xtt c o s  nx ( 4 . 3 )
0 . nn= l
and
00
|^ - (x ,0 )  = -0 ^ r)A o -  Z n A ^ cosn x . (4 . 4 )
n= l
Thus boundary c o n d it io n  4 . w i l l  be s a t i s f i e d  p ro v id ed  th e  {A } 0 s a t i s f y  th e  
t r i p l e  s e r ie s
(^ r)A 0 +  £ nA co s  nx = 0 (0  < x  < a)
n= l
Ag +  Z A t a n h n Xtt c o s  nx = 1  ( a < x < b )  ( 4 . 5 )
n=l  n
1
( w ’)A + Z nA co s  nx = 0  ( b < x < i r )
ATT u nn=l
T hese a re  th e  s e r i e s  o f  C hapter 3 , §2 ( i i )  and we o b ta in
|^ - (x ,0 )  = -H[ (b -x ) (x -a )  ]p (x )  ( 4 . 6 )
Ao = * f P ( t ) d t ; An = ^ r f  P ( t ) c o s  n t  d t (n > 1) ( 4 . 7 )
J  a  J  a
where
k 2 K n d ( ^ ) s d ( ^ ) c d f t  
P ( t )  " [TTKj +  (lTT+D)K^]A(t) ( 4 , 8 )
in  which
u ^ ______  n d f e
K = F ( y , k j ) ;  k ; = F ( J , k ’ ) ;  k{ = / l - k 2 ; k x = -----
2  2  * * nd(^
A( t )  = {End2  (^ -)  - nd2 (■^ ■) ][n d 2 (^ -)  - nd 2 (^p) ]}^  . (4>9)
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and
00
D = 2 l o g [ y ( l + k { ) ] - 4  Z ( - l ) nq2 n [n ( l+ q 2 n ) ] _ 1
n =l
The t o t a l  c a p a c ita n c e  per u n it  le n g th  in  each  c e l l  i s  th e r e fo r e  g iv e n  by
C/L = ------- ^<>KL-------  . ( 4 1
[K1 +  (X + ^ 3
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APPENDIX 
Some U se fu l S e r ie s
The fo llo w in g  s e r i e s  a r e  r e a d i ly  o b ta in a b le  from r e s u l t s  in
_ttX
O b erh ettin g er  [ 1 1 ] .  In  th e s e  s e r i e s  0 < x ,  t<TT, X > 0 ,  q= e , y  i s  
E u le r 's  number, H(x)  i s  th e  H ea v is id e  s te p  fu n c t io n  and
K = F (y ,k )  = f [ l  +  2 Z q" 2 ] 2 
n=l
i s  th e  com plete e l l i p t i c  in t e g r a l  o f  th e  f i r s t  k ind w ith  param eter
(Al)
00 l o o
2 fTr  ^ (n-br) 2k = =£1 E q v“ ' 2 ' ] .
K n= 0
(A2)
1 . . „ 1.E n s x n n x s x n n t  = y lo g
n = l
. x tt a n j +  tan-j
. x ttan^-- tan-j
(A3)
^•x+ E n ^ s i n n x c o s n t  =-jH H (x-t) 
n = l
(A4)
I  n c o s  nx c o s  n t  = -  y lo g  12  (c o s  x  -  c o s  t )  
n = l
(A5)
E n '*'tanh(n'n'X) s in n x  s i n n t  = y lo g  
n=l
tn (— ,k ) +  tn (— ,k ) v ir ’ it ’ '
t n (^ - ,k )  -  tn (y p ,k )
(A6 )
Z n ^tanh(n7rA)cos nx c o s n t  = y lo g  
n =l
d n ( ^ ,k )  + d n (^ - ,k )  
dn (~ ~ j k) -  d n (^ -,k )
(A7)
+ lo g
2 ( l + k ’ )
( - i ) V n
n = l n ( l+ q 2n)
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E n ^coth(mrA) s in  nx s in  n t  = y lo g  
n=l
f i j  ,x + t . 
( ~ j - * q) (A8 )
I  n '*'coth(nTrA)cos nx c o s n t  = l o g (-  ^ f f i)  -  lo g  (f-,q )ffi (x-,q)
n=l
-flo g
2  /Kx , s 2 /Kt , q sn  (— ,k ) -  sn (— ,k) (A9)
E (n -  y )  1 s i n ( n - y ) x  s i n ( .n - y ) t  
n = l l l o g
. x  . ts in y +  s in y
. x  . t  sxn^-- s in —
(A10)
E ( n - y )  ^ s in (n  ~ y ) x  c o s ( n - y ) t  = yTTH(x-t) 
n = l
( A l l )
E ( n - y )  1 c o s ( n - - ^ )x  c o s ( n - y ) t  
n=l
= Trlog
x t
COSy +
X tc o s y -  c o s y
(A12)
E ( n - y )  ^tanhE (n -  y )frA ]s in (n  -  y ) x  s i n ( n - y ) t  
n=l
= y lo g
s d (^ r ,k )  +  sd (^ r ,k )
TT TT
s d ( y p k )  -  s d (r ~  ,k )
(A13)
1 - 1  1  1 1 E ( n - y )  tan h [ (n -y ) ir A ]c o s (n  -  y ) x  c o s ( n - y )  t
n=l
= TTlOg
/Kx i \ * /Kt i \ cn (— ,k ) +  cn(— ,k)
/Kx i \ / Kt i %cn (— ,k ) -  cn (— ,k)
TT TT
(A14)
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Z  (n - - |- )  "*'coth[ (n -  • j) ,n '^ ]sin C n --j)x  s i n ( n - - j ) t  
n=l
= Tl o S
.Kx , . , .Kt , v sn (— ,k ) +  sn (— ,k )  
TT ’ N TT ’
.Kx , . ,Kt , N sn (— ,k ) -  sn (— ,k )
(A15)
Z  ( n - - j )  ^ c o th [(n --j )T T A ]c o s (n -- |)x  c o s ( n - - j ) t  
n=l
= Tl o S
dc(- r^,k) + dc( -^r,k)
TT TT
d c(^ p ,k ) -  dc(.^p-,k)
(A16)
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